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Summary We propose tests for structural parameters in limited dependent variable
models with endogenous explanatory variables. These tests are based upon the general-
ized minimum distance principle. They are of the correct size regardless of whether the
structural parameters are identified and are especially appropriate for models whose
moment conditions are nonlinear in the parameters. Moreover, they are computationally
simple, allowing them to be implemented using a large number of statistical software
packages. We compare our tests to Wald tests in a simulation experiment and use them
to analyze the female labor supply and the demand for cigarettes.
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1. INTRODUCTION

In this paper, we use the generalized minimum distance approach to derive tests for
structural parameters in limited dependent variable models with endogenous explanatory
variables. These tests are of the correct size even when the parameters are unidentified.
The generalized minimum distance approach is especially convenient when the moment
conditions are nonlinear in the parameters.

As shown by Staiger and Stock (1997) and Stock and Wright (2000), Wald, Lagrange
multiplier (LM) and likelihood-ratio (LR) tests have nonstandard limiting distributions
when the parameter is not identified, and inference based on these tests is thus unreliable.
In the case of linear instrumental variable models, several tests are robust to parameter
identification failure, like the AR, see Anderson and Rubin (1949), the K, see Kleibergen
(2002), the conditional likelihood-ratio (CLR), see Moreira (2003), among others. For
nonlinear models, the extensions of these tests are based on the generalized method of
moments (GMM). The starting point is the objective function of the continuous updating
estimator (CUE). Stock and Wright (2000) formulate the S-test as an extension of the
AR-test. Kleibergen (2005) proposes a new K-test which is the quadratic form of the
score of the CUE’s objective function. In the same paper, he derives the GMM extension
of the CLR-test.

The generalized minimum distance approach is based on a link function that relates the
structural and reduced form parameters. By avoiding moment conditions, this approach
permits the construction of robust tests for a class of models in which GMM would involve
solving constrained nonlinear systems, or in which the GMM is not feasible because the
moments are not differentiable.

From an applied point of view, our proposed tests are useful because they are simple
to compute. In many models, they can be computed using the built-in functions of
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2 L.M. Magnusson

regular statistical software packages. Moreover, confidence intervals based on these tests
do not require the estimation of untested parameters under the null hypothesis at every
hypothesized value of the parameter of interest.

However, the convenience of the proposed tests goes beyond their computational ease.
Their asymptotic properties are derived from the asymptotic properties of the estimator
of the reduced form parameters, which do not depend on the structural parameters. Nec-
essary conditions for the implementation are standard assumptions for minimum distance
estimation. Under these assumptions, the reduced form parameters can be estimated ei-
ther parametrically or semi-parametrically.

The paper is organized as follows. In the next section, we illustrate the use of the
generalized minimum distance principle for estimating parameters in limited dependent
variable models. The tests are derived in Section 3, and, in the subsequent section, we
suggest an algorithm for the implementation of these tests in a class of limited dependent
variable models. Next, in order to compare the performance of the proposed tests to Wald
and robust GMM tests, we simulate endogenous Tobit and endogenous Poisson count
data models. As an application of the tests, Section 6 considers the female labor supply
described by Blundell and Smith (1989) and Lee (1995) and the demand for cigarettes
described by Mullahy (1997). The Appendix contains all proofs.

2. MINIMUM DISTANCE PRINCIPLE FOR LIMITED DEPENDENT VARIABLE
MODELS

The minimum distance principle for estimation explores the underlying relation between
structural parameters, denoted by 3, and reduced form parameters, denoted by 7. This
relation is described by a system of implicit functions of the form r(w,3) = 0. In the
literature, 7 is known as the link function. Let T be an estimator of 7, such that & 5o
We estimate 3 by forcing ||r(7, 8)|| = 0 where || - || represents an appropriately weighted
norm.

The next example illustrates the minimum distance method introduced by Amemiya
(1979) for estimating parameters of limited dependent variable models. For the use of
this method in cross sectional models, see Madalla (1983), Blundell and Smith (1989),
Lee (1995) and Blundell et al. (2007), and, in panel data models, see Arellano et al.
(1999) and Jones and Labeaga (2003).

ExXAMPLE 2.1. Let (y*,x*) be a vector of latent variables generated by a linear simul-
taneous system:

(2.1)

y'=x"B+wy+tu
x* =zm, + wry + 0

where x* is correlated with the stochastic disturbance u, and z = (z,w) is a vector of
exogenous variables. The reduced form representation of (2.1) is:

*_ g
{y e (2:2)

x* = zmy + .
Let Ly, be a selection matrix, such that w = zLy,. From systems (2.1) and (2.2), we have:
Z(Sy - Zﬂ'xﬂl + ZLW'Y + Ca
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Inference in Limited Dependent Variable Models Robust to Weak Identification 3
where ¢ = u+ (v8; —e). Under the assumption that I£(¢|z) = 0, it must be the case that
6y — Wxﬁl — Lw’y =0.

~_ N ——

r(m,B)
The estimation of 3 = (f1,7) is based on the minimization of the objective function:
. ’ . .
(= e = Luy) 07 (8 — 7B — L) | (2.3)

where 7 = Vec[sy, x| are estimates of the reduced form parameters and Visa weighting
matrix, i.e., we choose the 5 that minimizes the distance of r(7, 8) measured by the norm

- 1lg-

The reduced form vector m can be estimated parametrically or semiparametrically,
according to the latent nature of (y*,x*) and the distribution of (e,v). The consistent
estimation of § depends on the identification condition, which is related to the rank of

%@’B).l We use local concepts of identification as follows: 3 is identified if %@’ﬂ) is a
full rank matrix, weakly identified if %@’ﬂ) is singular or %@’ﬂ) = % where C is a

full rank matrix and n is the sample size, and unidentified if m is a null matrix. In

Example 1, the identification of 3 is given by the rank of m,. If 5 is weakly identified
or unidentified, then the minimum distance estimator is biased and the limiting normal
asymptotic results do not hold. Consequently, the usual approach to inference which is
based on the limiting distribution of the minimum distance estimator, e.g., the Wald and
likelihood-ratio tests, is misleading.

Although the estimation of 5 is unreliable under weak and non identification cases,
we can still perform hypothesis testing about the value of the structural parameter [.
In the following section, we present tests based on the minimum distance principle that
have the null hypothesis of the form Hy : = [y, against the alternative hypothesis
H, : B # Bo. The proposed tests are of the correct size even when identification is weak
or absent.

3. GENERALIZED MINIMUM DISTANCE ROBUST TESTS

The objective function (2.3) is an example of a broad class of minimum distance objective
functions. Let w be a k, x 1 vector representing the reduced form parameters, and 3 be
a m X 1 vector of structural parameters. The values of 7 and [ under the true data
generating process are g and [y, respectively. The estimator of 7 is denoted by 7. Let
r be a ¢ x 1 real vector value function defined as r : RF* x R™ — R, with r(m, 3)
as a typical element. The link function r represents the distance between structural and
reduced form parameters; and ¢, the number of restrictions imposed on the reduced form
parameters, measures the dimension of this distance. These tests rely on the following
regularity conditions:

ASSUMPTION 3.1. (Regularity conditions)

1 %(:), the derivative of a k¢ x 1 vector function f(6) by the kg x 1 vector 6, is a k¢ x kg is a matrix.

© Royal Economic Society 2009



4 L.M. Magnusson

i. # 5 mo, alF—mo) A N (0, Ag) where Ag is a symmetric, positive definite covariance
matriz; A -2 Ao.
ii. r(m, B) is continuous on RF~ x R™, differentiable in 7 on a neighborhood of my and

) . . ) or(r,B)
twice differentiable in B. Moreover, rank {B—w}

141. T(Wo,ﬁo) =0.

The above conditions are the same as the ones commonly adopted in minimum dis-
tance estimation - see Newey (1985) assumptions 1 and 2, Lee (1992), assumption 1, and
Gourieroux and Monfort (1995), assumption 9.5. Assumption 1.7. states that the reduced
form parameter is root-n consistent and asymptotically normal, and the its asymptotic
variance matrix is consistently estimable. Newey and McFadden (1994) provide more
primitive conditions if 7 is a maximum likelihood or a GMM estimator. In a model
combining censored and continuous endogenous variables, Newey (1985) presents condi-
tions for estimating /n-consistent and asymptotically normal reduced form parameters
that do not rely on the normality distribution of residuals. The definiteness of Ay in
1.i., together with the differentiability of r(w, 3) in 7Finally, a scale normalization on
the variance of the residuals is necessary for estimating 7 in binary choice models or in
models with a selection equation.

Assumption 3.1 deserves further explanation. First, we do not require that %7;5) is
a full rank matrix, which is necessary for estimating 3 - see Newey (1985), assumption
1, and Lee (1992), assumption 2. Therefore, Assumption 3.1 holds independently of the
structural parameter identification. Second, Kleibergen (2005) uses smoothness of the
empirical moment condition for deriving weak identification robust tests. Some limited
dependent variable models, such as the symmetric censored and the winsorized least
squares discussed in Section 6, have non-differentiable moments. Unlike GMM tests,
our tests rely on the differentiability of the link function (Assumption 1.ii), and, as a
consequence, the reduced form parameters can be estimated semiparametrically. Finally,
in binary choice models or in models with a selection equation, a scale normalization on
the variance of the residuals is necessary for estimating .

In Example 1, we use a triangular specification, which results in a linear link function.
However, the r function can be nonlinear in 3, as in Blundell and Smith (1994). The
next example presents a simplified version of their model.

EXAMPLE 3.1. Consider the system:?

{y*ZX*ﬁl-FWW‘FU

3.1
x" =yfs +zm, +v (3.1)

where y = max{0,y*} and x* is continuously observed. The difference between (2.1) and
(3.1) is that the observed y, not the latent y*, determines x*. When y* > 0, we derive
the quasi reduced form system:
v =120, + Wiy + €
(x* = Poy) =zm, +v

2The general model has a third equation that describes the mechanism in which the first equation
is observed. We also impose a coherency statistical restriction by ignoring the observed y in the first
equation.
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Inference in Limited Dependent Variable Models Robust to Weak Identification 5

The link function relating the reduced form and the structural parameter 8 = (1, 82)
-3
is:

251
r(m,B) =6, — ———, 3.2
(.B) = 8, — T2 (32)
and 7, is estimable for a given value of fs.
By the delta method, we find the asymptotic distribution of (7, 3), which is:
. d
v (r(#, 8) = r(mo, B)) — N (0, ¥s), (3.3)
where:
8T(7T07ﬁ) 8T(7T07ﬁ) '
Ug = A . 4
b [ on 0 on (34)

The identification of 8 does not affect the derivation of the asymptotic distribution
of r(7, ). Define the objective function of the optimal minimum distance estimator,

SMD(ﬂ), as: R
Smp(8) = n [r(7,8)) B3t [r(%,8)], (3.5)

N “ . !/
arg;,,@) A Brg;,ﬁ)} . From equation (3.3), we show that Syp(3) follows a

where \113 = [
chi-squared distribution with ¢ degrees of freedom under the null hypothesis.

THEOREM 3.1. (Smp-test) Under Assumption 3.1 and the null hypothesis Hy : 8 = Po,

d
Sup (o) = x*(a)
independent of whether B is identified or not.

The Syp-test is similar to the S-test proposed by Stock and Wright (2000) derived
under the GMM framework. However, it is important to emphasize two differences. First,
the link function is not a sample average of empirical moments. Under continuity and
differentiability of (7, ), the limiting distribution of the Syip-test is solely derived from
the asymptotic properties of the reduced form parameter estimator 7 and its covariance
A. Second, in nonlinear models, because structural and nuisance parameters are non-
separable, testing a structural parameter involves the estimation of untested parameters
under the null hypothesis. This is not the case for our tests. For the linear link function
in Section 2, 7 does not have to be estimated in order to test ;. This property, illus-
trated in Sections 4 and 6, has important computational advantages, especially for the
estimation of confidence intervals by inverting the statistical tests.

When the model is overidentified (¢ > m), the Syp-test tests two hypotheses simulta-
neously: the value of the structural parameter vector and the (¢ —m) overidentification
restrictions. As a result, this test loses power under the alternative hypothesis along with
an increasing number of overidentification restrictions.

As in Kleibergen (2007), we can decompose the Syip-test into two orthogonal statistics:
Kuyp and Jyp. The first of these statistics tests only the value of the structural parameter,
while the latter tests the overidentification restrictions.

3Lemieux et al. (1994) derive a similar link function, which is (6, — %, Sdw — 7722) = 0.
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6 L.M. Magnusson

THEOREM 3.2. (Kyp- and Jyp-tests) Define the Kyp- and Jyp-tests as:

2

Kup(80) = n [I5,} (e )] Py [0t 0]

Jun(fo) = n [i5,} (o) M

‘IIO%DB { Bo T(F’BO)}’
where:
B U R S
M ., =I1,-P .,
¥, 2Dy, B, 2Dy,
D, = [Di(fo) . Dm(Bo)]
) ar(#, Bo) d (or(7,Bo)\] x [Or(®,B0)] < 1 .
D. = | L EE ) A
i(Po) 0B; or \_ 0B; or o 77 Bo);
for j=1,...,m. Under assumption 1 and Hq : 8 = By, we have:

Kup(fo) == x*(m) and  Jup(Bo) —2 x*(g—m),
regardless of whether (8 is point-identified. Also,

Smp (Bo) = Knp (o) + Jmp (Bo)- (3.6)

Unlike the Syp, the Kwmp-test is not affected by the number of overidentifying re-
strictions. The statistic Dg, is asymptotically independent of r(7, 5y) under the null
hypothesis. If 3 is identified, then Dﬁo converges in probability to %‘}B’ﬁ“). If not, i.e.

%’gﬁ“) is close to a reduced rank value, then /n 1550 converges in distribution to a

random variable. Because of the asymptotic independence between DBO and 7(7, By), the
distribution of the Kyp-test, conditional on Dﬁo, is free from nuisance parameters, see
Kleibergen (2005). Moreover, its unconditional distribution is pivotal.

The derivative of the Syip with respect to 3, as shown in the Appendix, is:

~10Sun(B) _
2 0

The Kyp-test is the quadratic form of equation (3.7), weighted by its own variance.
The minimum value of Syp(8) coincides with the point at which the Kyp-test equals
zero. This point is the generalized minimum distance continuous updating estimator
(GMD-CUE), which is different from the GMM-CUE, the minimizer of the S-test.

The Jyp-test is related to the overidentification test proposed by Lee (1992). The
latter results from substituting a minimum distance estimator for 8 in the Syp-test.
Therefore, it is not robust to identification failure.

Equation (3.7) shows that the Kyp-test will suffer from a spurious decline of power
at inflection and local extrema points of the Syp-test. Close to these points, the value
of the Jyp-test approximates the value of the Syip-test, which has discriminatory power
- see equation (3.6). We define a new test for the structural parameter, the KJyp-test,
by combining both the Kyp- and the Jyp-tests, see Kleibergen (2005). Let 7k,,, and
Tiup D€ the significance levels of the Kyp- and Jyp-tests, respectively. The KJyp-test

n r(ﬁ,ﬁ)'\ilﬁ_lf)g. (3.7)
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Inference in Limited Dependent Variable Models Robust to Weak Identification 7

has an approximate significance level of 7 = 7, + 7J,,,. Rejection of KJyp occurs if
Kwmp rejects at i, or if Jup rejects at 73, significance levels. The Jyp component
of the KJyp-test corrects the decline of power that affects the Kyip-test at the inflexion
and local minima points.

An extension of Moreira’s (2003) conditional likelihood-ratio (CLR) to the current
framework, under the null hypothesis, is:

CLRmp (Bo) = % {SMD(ﬂo) —1k(Bo) + \/[SMD(ﬁo) + k()] — 4JMD(ﬂo)rk(ﬁo)} ;

) (3.8)
where rk(fp) is a statistic that tests the rank of Dg,, see Kleibergen (2005). In the case of

one endogenous variable, tk(8y) = n {]A)L’,Oégolljgo }, where S, is the variance estimate of

D 80, described by equation (A.2) in the Appendix. The presence of the Smp(5y) statistic
in (3.8) shows that the CLRMp-test does not have the the spurious decline of power of
the Kyp-test.

The asymptotic distribution of the CLRyp is not pivotal and depends on rk(3). The
critical values of this test are calculated by simulating independent values of x?(m) and
x%(q — m) random variables for a given value of rk(3).

ProproSITION 3.1. (CLRyp-test) Under Assumption 3.1 and the null hypothesis we
have:

CLRMD (BO) i> % {Xm + )Zq—m - rk(BO) + \/[)Zm + )Zq—m + rk(BO)]Q - 4Xq—mrk(60)} )

where Xm and Xq—m are independent chi-squared distributed random variables with m
and g —m degrees of freedom, respectively.

In the linear instrumental variable model with homoskedastic residuals, Andrews et al.
(2006) show that the CLR-test dominates the S- and K-tests in terms of power. However,
this result is not yet extended to a more general class of models. The simulations reported
in Section 5 have an example in which the CLRyp-test does not dominate the Kyp-test
in terms of power.

The proposed tests can be adapted in order to test only a subset of the structural pa-
rameter vector. The procedure consists of estimating the untested structural parameters
under the null hypothesis by the GMD-CUE and replacing the estimated values in the
original tests. If the estimated parameters are identified, the Syp- and Kyip-tests remain
chi-squared distributed with degrees of freedom reduced by the number of estimated pa-
rameters. If the estimated parameter is not identified, Kleibergen and Mavroeidis (2009)
show that the limiting distributions of the tests are asymptotically bounded by the ad-
justed chi-squared distributions.

There is a correspondence between our tests and other robust tests for the linear
instrumental variable model represented by the following system:

y=xB0+u
X =77, +v
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8 L.M. Magnusson

We omit the included instruments, w, to simplify the exposition. The AR and K-tests
are, respectively,

AR(fo) = (v — XﬁO)&P; (y —xBo) and K(Bo) = (y —xBo) Pz;;(ﬁo) (y — xﬁ0)7
Bo 3o

where P, = a(a’a)~ta’,

52 = (v — XﬂO)/ M, (y — x5o) and 7,(B) = (Z/Z)—lz/ <X — (v — xf0)

Bo n—k,

(y — Xﬂo)/ M,x
(n—k,) o5 )

In the Appendix, we show that the AR- and K-tests are the same as the following
Syp- and Kyp-tests:

Smp (B0) = (02 — 72B0) U, ' (6, — 72 B0),

Ko (6o) = (8, — 7o) 0 ¥ By, 05 F (3, — 7o ),

where 8, = (2z) "2y, &, = (2z) ‘', Uy, = a5, (#'z) and Dg, = —7,(f0).

In comparison with the tests proposed by Chernozhukov and Hansen (2008), the Syp
is the same as the Wald—S, but the Kyp differs from the Wald —K, which is based on
testing Hy : 7 = 0 in the following Gauss-Newton regression:

y — xB0 = z7,(Bo)n + residuals.

In the case of heteroskedastic or clustered residuals, these tests differ from the other
tests in small samples. However, they are all asymptotically equivalent (see Appendix).

4. IMPLEMENTATION OF ROBUST TESTS

We provide an algorithm for the implementation of the proposed tests specific to the
following class of limited dependent variable models:*

{y*zxﬁ+w7+u {y*:zéz—i—wéw—i—e (4.1)

X= 7T, + Wy + ¥ X = 2T, + Wiy + v

where y* is latent and x is continuous and fully observed. The link function r(m, 3)
derived from the system (4.1) is:

T(ﬂ',ﬂ) =0, — ﬂ-Zﬂv (42)

where m = vec[d,, 7,]. In this model, W = [y, — B ® I,] is of full rank, independent
of the value of 8. The variance of (7, 3), the 155 statistic of the Kyip-test, and its variance
matrix g, which is necessary for computing the CLRyp-test, are:

U = As,5, — (B® I,) Mr,s, — No,n (B @ I,) + (B Iy, ) Am,m (B ® It,),  (4.3a)
vee[Ds] = —vecl,] + [Ar,s, = Aryr, (8@ 1) 95" (5, = #,8) | (4.3D)
EB = A7Tz7Tz - [Aﬂ'zéz - AT"ZT"Z (ﬁ ® ]kz)] \I]EI [Aézﬂ'z - (/3 ® Ikz)l Aﬂ'zﬂ'z} . (4'3C)
4Fin1ay and Magnusson (2009) have files available for implementing tests for the instrumental variable

probit and Tobit models in STATA. These files are downloadable from http://greenspace.tulane.edu/
kfinlay/research.html.
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Inference in Limited Dependent Variable Models Robust to Weak Identification 9

where As 5, and Ay, are the asymptotic variances of \/n(8, — 0,) and /n[vec(#r, — m,)],
respectively, and A 5, = gzﬂz is their asymptotic covariance.

We can also estimate the reduced form parameters by introducing a linear control
function va. Then, the structural and reduced form equations become:

(4.4)

X= 72T, + Wy + v X = 2T, + Wy + v

{y*:xﬁ—l—ww—i—va—i—a {y*:zéz—i—wéw—i—vév—i—a

where ¢ = u — va and §, = 8 + a. We demonstrate that the use of the control function
allows us to write Ar,5, = Ax,x, [(6y ® Ii,)]. The elements for computing the tests reduce
to:

Us = As,s, + (00 = B) ® I, | Ay, (00 — B) @ Ik, ], (4.52)
vec[Dg| = —vec[m,| + Aﬂ—Zﬂ—ZVeC[\Ilﬁ_l(éz — 1,3)(6, — 5)’}7 (4.5b)
Eg = Arym, — {Aﬂ'zﬂ'z [(611 - B) ® Ikz]} \115_1 {[(51) - ﬁ)/ ® Ikz] Aﬂ'zﬂ'z} : (4'5C)

Further simplification is possible by assuming that v is homoskedastic (see the Appendix).
The algorithm takes the following steps:

1 Estimate 7, and Var[/n(7, — m,)] by OLS. Denote the estimated values by 7, and
Ax,r,. Compute 0;, the OLS residuals.
2 Estimate J,, dw and J, from the following equation:

y = f (20, + woy, + 05, + €)

where f(+) is a known function and & = € — (0 —v)J,. Denote the estimates of ¢, and
0, by, respectively, 5, and ,. We do not have to keep the estimate of J,, because
it is not part of the link function (4.2).

3 Save A(;Z(sz, the output of the variance-covariance matrix estimate of 5Z.

4 Finally, substitute f\,,z,,z, #,, and &, into equations (4.5) with the hypothesized
value of /3.

5. SIMULATIONS

We simulate the endogenous Tobit and the endogenous Poisson count data models, which
can be represented by the simultaneous system (4.1). In both cases, 7y = (7,, 7y ) is the
ordinary least squares estimate. We estimate oy, = (d,, v ) using Powell’s (1986) symmet-
ric censored least squares (SCLS) and the Poisson quasi-likelihood method for, respec-
tively, the endogenous Tobit model and the endogenous Poisson count data model. We
compare the performance of the proposed robust tests with Wald tests, defined as:

W(Bo) = (ﬁ - ﬁo) VB_I (3 - Bo) :

where § is an estimate of 3, and \75 is the estimated variance of 3 evaluated at £.

We compute the rejection frequency of the tests at the 10%, 5% and 1% significance
levels. For the KJyp-test, the significance level of Kyp is four times the significance level
of Jup. For both simulations, we generate 10,000 random samples of 200 observations
each, satisfying the following conditions: 8y = 0; w; is an unitary constant; z; is a 1 x 3 row
vector drawn from independent uniform distributions and kept fixed in all simulations;
and 7, = (m,,,0,0)" is a 3 x 1 column vector. The value of 7,, is set according to y, the
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10 L.M. Magnusson

concentration parameter divided by k,:

/ /
= 1 <7Tz1Z1Z17721)
= )
k, o2

where z7 is the n x 1 vector of the first instrument and 012) is the variance of v;. We choose
1 to be 30 and 3, representing strong and weak identification, respectively.’

5.1. Endogenous Tobit

The endogenous Tobit model is represented by:

yi = max {0,x;8 + wyy + u; }
X = Z;T, + W;Tw + U;

(5.1)

We consider two cases for the joint distribution of (u;,v;): a bivariate Laplace distribu-
tion with zero mean and unit variance, and a bivariate ¢-distribution with three degrees of
freedom. In both cases, we first generate bivariate uniform distributed random variables
with correlation coefficient p. Then, we generate the residuals {(u;, v;)}?, using the in-
verse of the cumulative distribution functions; p is either 0.2 or 0.9, and 7y, = 0.2. The
parameter v takes on values of 0.7267 and 0.4901 for the ¢-Student and the Laplace resid-
uals, respectively. We calibrate v such that, on average, 25% of the observations are left
censored. In computing the robust tests, we assumed that residuals are heteroskedastic
of unknown form. The statistics are based on the elements defined in (4.3).

For estimating dy = (d,, dw) by SCLS we use the algorithm proposed by Silva (2001).
This algorithm converges faster and more frequently compared to the original algorithm
in Powell (1986). However, between 0.5% and 1% of the simulations did not converge.
The Wald test is derived from the two-step minimum distance estimator in Lee (1995).

Table 1 reveals that the sizes of the Wald tests become distorted when identification
decreases. The distortion varies according to the degree of endogeneity: the tests under-
reject the null hypothesis when p = 0.2 and over-reject it when p = 0.9. These results
are related to the bias of the minimum distance estimator of 8: the lower the degree of
identification and the higher the endogeneity, the more upwardly biased are the two-step
estimates. In contrast to the Wald tests, the performance of our tests is neither affected
by the level of identification nor by the degree of endogeneity.

5.2. Poisson Count Data Model

The following system is a representation of the endogenous Poisson count data model:
yi ~ Poisson(\;)
i = exp (xi + Wiy + u;) (5.2)
X; = ZiT, + WiTlyw + U;

where ); is the mean of the Poisson distribution. We analyze the performance of the
tests for over, equally and underdispersed data. Because the results are similar, we only

5In linear instrumental variable models, Staiger and Stock (1997) suggest that values of p below 10
indicate that the instruments are weak.
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Inference in Limited Dependent Variable Models Robust to Weak Identification 11
Table 1: Size Comparison (in percentage) Hy : 8 = 0, Endogenous Censored Model.

p=0.2 p=0.9 p=0.2 p=0.9
ACV 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%

Laplace residuals

Waldvp  9.23 4.39 0.68 12.24 7.45 241 3.68 1.13 0.05 22.34 13.45 3.54
Smp 12.07 6.87 2.08 12.24 6.41 1.85 12.07 6.87 2.08 12.24 6.41 1.85
Kvp 11.12 5.88 1.40 11.43 6.05 1.28 10.94 5.83 1.40 12.84 7.30 1.76
Jyp 11.54 6.66 1.86 11.43 6.33 1.57 11.70 6.81 1.89 10.45 5.43 1.41
KJmp 11.48 6.42 1.64 11.82 6.26 1.53 11.50 6.53 1.61 12.73 7.21 1.81
CLRMmp 11.12 6.43 1.32 11.64 6.69 1.31 11.68 6.68 1.97 13.36  7.34 1.87

t-Student residuals

Waldyp 993 4.91 0.88 12.60 7.46 2.37 4.18 1.30 0.07 20.25 12.03 3.28
SmD 13.19 7.84 2.55 13.31 7.34 2.33 13.19 7.84 2.55 13.31 7.34 2.33
Kup 11.89 6.47 1.68 12.07 6.67 1.57 11.77 6.51 1.69 13.40 7.47 1.91
Jyp 12.38 7.32 2.19 12.09 6.99 1.81 12.45 7.41 2.20 11.53 6.20 1.73
KJump 12.64 7.35 2.09 12.98 7.13 1.98 12.85 7.42 2.11 13.57 7.75 2.19
CLRMmp 11.82 7.12 1.76 12.30 7.39 1.60 12.63 7.70 2.37 13.88 8.18 2.24

Note: Rejection frequencies under the null hypothesis are based on 10,000 simulations of samples with
200 observations. ACV stands for asymptotic critical value.

report the equally dispersed case. We also analyze tests that consider the presence of a
linear control function, as described in equation (4.4).

Realizations from the system (5.2) are generated according to the following steps.
First, we sample the random variables (v1,12) from a bivariate uniform distribution,
with correlation coefficient p = {0.2,0.9}. We set v = 14; y results from the inverse
Poisson distribution, evaluated at v5. By fixing 7y, = —0.5 and v = log(2.0), we obtain
Elwmy, + v] = 0 and E[y] = Varly] = 2.

We also investigate the performance of the GMM robust tests in Stock and Wright
(2000) and Kleibergen (2005), which are derived from the following empirical moment
condition proposed by Mullahy (1997):

% z:l: [éﬂ [exp(—xi8 — wiy)yi — 1]. (5:3)

The estimation of v under the null hypothesis is necessary for computing the robust
GMM tests. The non-robust tests are listed according to the method used for estimating
B: two-step GMM or two-step minimum distance.

The results in Table 2 show that changes in the level of identification affect the behavior
of the Wald tests. Similar to the endogenous Tobit model, they under-reject the null
hypothesis when p = 0.2 and over-reject it when p = 0.9. For example, the rejection
probability of the Wald two-step minimum distance test jumps from 3.78% when p = 0.2
to 43.08% when p = 0.9, while it is supposed to be 10%.

6The remaining results are available on the author’s web site.
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Table 2: Size Comparison (in percentage) Hy : f = 0, Endogenous Poisson Count Data
Model, equidispersion case.

p=0.2 p=09 p=0.2 p=20.9
ACV 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%

Waldegynv  8.86 3.84 0.48 14.07 9.14 3.74 4.12 1.23 0.05 30.84 22.49 10.59
Waldmp 8.41 3.55 0.51 15.04 10.33 4.71 3.78 1.22 0.07 43.08 35.95 23.83
Wald$p 9.96 4.47 0.75 15.87 11.39 5.40 4.64 1.61 0.08 46.42 39.55 27.79

Smp 9.25 4.71 1.11 9.01 4.44 0.96 9.25 4.71 1.11 9.01 4.44 0.96
Kwmp 10.22 4.73 0.95 9.62 4.80 0.73 10.12 5.10 1.04 9.41 4.74 0.86
Jmp 9.29 4.51 1.07 8.55 4.56 0.87 9.33 4.58 1.05 9.11 4.40 0.97
KJwmp 9.79 4.79 0.94 9.30 4.70 0.81 9.96 5.19 0.89 9.35 4.76 0.81
CLRMmD 10.08 5.07 0.92 9.62 5.11 0.72 9.90 5.23 1.03 9.19 494 0.78
MD 12.44 6.60 1.76 10.09 5.22 0.89 12.44 6.60 1.76 10.09 5.22 0.89
MD 12.06 6.03 1.50 9.94 5.01 0.90 11.95 6.52 1.52 9.75 5.07 0.93
Jup 11.51 6.06 1.51 9.92 5.03 1.10 11.65 6.24 1.52 10.19 5.21 1.09

KJ%ip 12.01 6.23 1.50 10.13  5.02 0.91 12.18 6.67 1.58 9.90 5.01 0.96
CLR%1p 12.08 6.73 1.38 9.98 5.39 0.88 12.55 6.88 1.45 9.89 5.22 0.88

Sanvm 10.23 4.88 0.97 9.56 4.65 0.68 10.23 4.88 0.97 9.56 4.65 0.68
Kavm 9.64 4.40 0.80 8.97 4.42 0.66 9.73 4.80 0.81 9.09 4.36 0.76
Jomm 10.84 5.53 1.11 10.53  5.07 0.91 11.00 5.30 1.02 10.27  4.89 0.88
KJamm 9.37 4.42 0.81 9.20 4.37 0.66 9.69 4.78 0.76 9.03 4.34 0.74
CLRcumm  9.66 4.74 0.77 9.09 4.76 0.55 9.82 4.78 0.77 9.39 4.53 0.63

Note: Rejection frequencies under the null hypothesis are based on 10,000 simulations of samples with
200 observations. ACV stands for asymptotic critical value. The subscript ¢ indicates tests that use the
control function va.

The proposed and the GMM robust tests’ rejection probabilities are close to the ex-
pected asymptotic critical values, regardless of the level of endogeneity, the degree of
dispersion or the identification strength. The introduction of a control function has am-
biguous results. It makes the nominal sizes closer to the asymptotic sizes when p = 0.9,
and the opposite when p = 0.2.

5.8. Power - Endogenous Count Data Model

We investigate the power of the proposed tests for the endogenous count data model
using the same data generating process of Subsection 5.2. We only report the results of
the tests which do not incorporate a control function and therefore are less efficient.
Figure 1 compares the robust tests and the two-step GMM test according to their
degree of endogeneity and identification “strength”. First, the size of the robust tests
remains correct in all graphs, while the Wald test is biased even in cases in which the
identification is relatively strong. Second, the Syp-test has less discriminatory power
than the Kymp-test, which is explained by the number of overidentification restrictions.
Third, in three out of the four cases, the CLRyp-test dominates the remaining robust
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tests. Finally, we also note that the Kyp suffers a decline of power at values differing
from the hypothesized value.
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Figure 1: Power Curves for testing Hy : 8 = 0 at the 5% significance level - endogenous
count data model.

Figure 2 illustrates the power of our tests and of robust GMM. We observe that the
KJup and CLRyp tests dominate the KJaymw and CLRawM, respectively, in all cases.
The Sagymm dominates the Syp-test for positive values of 5. The results are even more
favorable when using a control function.
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Figure 2: Power Curves for testing Hy : 5 = 0 at the 5% significance level - endogenous
count data model.
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6. TWO APPLICATIONS

We illustrate the use of the robust tests by constructing confidence intervals and regions
for the two models of Section 5: endogenous Tobit and Poisson count data. The former
model is illustrated by the married female labor supply, see Blundell and Smith (1989)
and Lee (1995), while the latter is exemplified by the demand for cigarettes, see Mullahy
(1997). The 1 — 7 confidence set is formed by the points of the parameter space that do
not reject the null hypothesis at significance level 7.

6.1. Female Labor Supply

Consider the married female labor supply model of Blundell and Smith (1989). In equa-
tion (5.1), y; represents weekly hours in paid work, and x; is other household income
measured in US$1,000.00, which includes unearned income and savings. Besides a con-
stant term, w; includes demographic variables: female age and its square, education and
its square, three child dummy variables and a race dummy variable.”

The dataset was originally obtained from the 1987 cross-section of the Michigan Panel
Data Study of Income Dynamics and is identical to the one used by Lee (1995). The sam-
ple includes married couples with nonnegative total family income. The female household
member must be of working age (18-64) and not self-employed. From the 3,382 married
females, 895 were not working, which is approximately 26.4% of the total number of
observations.

Besides the SCLS, we consider the winsorized mean estimator (WME) suggested by
Lee (1995) to estimate the reduced form parameters. The WME is less restrictive than
Powell’s SCLS estimator because the latter considers a symmetric distribution of the
residuals, while the former assumes only local symmetry. On the other hand, the WME
demands the definition of a trimming parameter that imposes local symmetry. Our trim-
ming parameter, denoted by w, is the point that minimizes the sum of the diagonal of
the variances of the WME.

Table 3 presents the 95% confidence intervals derived from the two-step Wald estimator
and our tests. The results are divided into two groups. In the first group, we follow Mroz
(1987) and consider functions of the included instruments as the excluded instruments:
cubic terms of the female age and education. In the second group, we add three dummy
variables related to the male’s occupation. We also report the exogeneity tests proposed
by Smith and Blundell (1986) and the first stage F-statistic.

For the model in column (a), the intervals derived from the Wald differ from those
derived from the robust tests. In the SCLS case, the robust confidence intervals are larger
than the non-robust confidence interval. In the WME case, the opposite occurs. However,
when dummies are added for husband’s occupations, the confidence intervals become
identical, except for the Syp. These results show that the Wald confidence intervals in
column (a) are unreliable, even with a first-stage F-statistic above 10 and more than
3,000 observations.

6.2. Cigarette Demand Function

Mullahy (1997) suggests a Poisson-type regression to investigate the impact of smoking

7See Table 3 footnote.
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Table 3: 95% Confidence Interval - Other Household Income.

Estimation Method Instruments
(a) (a)+(D)
SCLS Wald [—0.36, 0.14] [—0.20, 0.03]
SmD [—0.59, 0.23] [—0.23, 0.06]
KJuvp [-0.79, 0.14] [-0.20, 0.03]
CLRMD [-0.60, 0.13] [-0.20, 0.03]
WME Wald [—0.55, 0.20] [—0.23, —0.01]
SmD [-0.26, 0.09] [-0.30, 0.05]
KJup [-0.57, 0.15] [-0.23, —0.01]
CLRMD [-0.38, 0.12] [-0.23, —0.01]
Exogeneity t-test -0.56 -3.29
First-stage F'-statistic 15.08 32.15

Note: The included instruments are age = %, where Age is females’ age in years, age?, educ =

(Education — 8), where Education is females’ education in years, educ?, three child dummy variables
(C1 for a child ages 0-5, C2 for a child ages 6-13, and C3 for a child ages 14-17), and a dummy variable
for race (1 if non-white and 0 otherwise). In column (a), the excluded instruments are age x education,
age?, education®, age? x education, and age x education®. In column (b) the excluded instruments are
the same as in column (a) in addition to three male occupation dummies (O1: manager or professional,
02: sales worker or clerical or craftsman, O3: farm-related worker). The number of observations is 3,382.

habits on cigarette consumption. The dataset consists of 6,160 responses of males to
the Smoking Supplement of the 1979 National Health Interview Survey. In equation
(5.2), y; represents the number of cigarettes consumed, measured in packs per day. The
endogenous explanatory variable x; is the smoking habit stock measure K210.® The vector
of instruments w; includes: the state-level average price-per-pack for cigarettes in 1979;
the individual’s age in years; his years of education and its square; his family income in
US$ 1,000.00; a race dummy variable (white equals one, zero otherwise), and a constant.
As excluded instruments, we use: an interaction term between age and education; the
state-level average price-per-pack for cigarettes in 1978; and the number of years the
state’s restaurant smoking restrictions had been in place in 1979. The first-stage F-
statistic is 9.78.

We compute the 90% and 95% confidence regions for the smoking habit stock (3), and
cigarette price (y) using Sgmm, and Syp, KJgmwm and KJyp. They are illustrated in
Figure 3.

In this example, the GMM-tests require estimation of the eight parameters of included
instruments for each hypothesized value in the grid search. This procedure involves op-
timizing a system of nonlinear functions. As a consequence, in parts of the parameter
space, the optimization algorithm is unstable and may not converge. Additionally, the

8K210 is an index of the habit-forming effects of prior cigarette consumption. The author argues that
the smoking habit and past unobserved determinants of smoking are correlated. Since the latter is also
correlated with the present unobserved determinants of smoking, it turns out that smoking is correlated
with its unobserved characteristics.

© Royal Economic Society 2009



Inference in Limited Dependent Variable Models Robust to Weak Identification 17

SamMm SmD

0.02

00181 : . 1

00141

00121

@001

0.006 - 1

0.0041 : 4

bo
5
S

I I I I
.02 -0.015 -0.01 -0.005 0 0.005 001
¥

KJGMM KJMD

bo

I I I I I
-0.015 -0.01 -0.005 0 0.005 001
v

0.02

00181 : . 1

0016

00121

@001

0.008

0.0041 : 4
0.002 : H 1
0 I I I I I 0 I I I I I
-0.02 -0.015 -0.01 -0.005 0 0.005 001 -0.02 -0.015 -0.01 -0.005 0 0.005 001
v v

Figure 3: 90% and 95% Confidence Regions for smoking habit stock (5) and cigarette
price (7).
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computational time for estimating the confidence region increases significantly. The Syip-
and KJyp-tests do not involve the estimation of the untested parameters. They require
solving only one optimization problem, which is the reduced form parameters estima-
tion.? Moreover, their confidence regions are smaller.

7. CONCLUSION

We develop tests robust to weak identification in the context of models in which nonlin-
earities in the moment conditions make conventional GMM-procedures intractable. These
tests, based on the generalized minimum distance principle, avoid nonlinearity problems
because they do not require direct inference about the structural parameters. Instead, the
crucial assumptions concern the relationship between the structural and reduced form
parameters and the asymptotic behavior of the reduced form parameter estimator. The
simplicity of this approach extends to its computational implementation, which can be
conducted using regular statistical software packages. Simulations show that these tests
perform well in the case of weak identification and different degrees of endogeneity.
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APPENDIX
A.1. Proofs of Results

Proof of Theorem 3.1: Under the null hypothesis, (7, 5p) = 0 and, by continuity of
the link function in 7 and the Cramer theorem, the asymptotic behavior of r(7, fy) is:

. or(mo, R
Vi 7o) = | PG = ) 4 0y(0) A 0. 850),
/ ~ ~
where Wg, = [OT(g‘;’ﬂ”)} Ao [OT(g‘;’ﬂ”)} . Since A 25 Ag and ar(gf‘)) L ‘%(g‘;'@”)’

Smp (Bo) & x%(q) by the Slutzky theorem. [

Proof of Theorem 3.2: From assumptlon 3.1 and a Taylor expansion, the asymptotic

joint distribution between r(7, 8) and ( "6 ) , under the null hypothesis, is:
#(7, B0) = r(m0,B0) \ o (T0 s, [2riget ] Ao Fy
\/ﬁ vee or(#,p0) _ 9r(mo,Bo) —>N |:0:| s Or(0,50) / (Al)
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where W, is defined in equation (3.4) and F = 6% [vec (%‘;ﬂ”))} . The pre-multiplication
of (A.1) by the lower-block triangular matrix [I,, Ogxm : Fy, Iym], where Fy= 6% {VQC (%ﬁﬂ”))} ,

results in:
r(#, Bo) d 0] [Pz O
e o ] ) 2 (][ 20])

8T(7T07 BO) /\Ij_l 8T(7T07 BO)
or Po or
Thus, ﬁ(ﬁo) and r(7, fy) are asymptotically independent, regardless of the rank of C,

where C' = %‘}B’ﬁ“).

Let i, be the limiting distribution of v/ [r(#, 5o)]. If C has full rank, then D(By) - C
_1
and /0 [D(ﬂo) BolD(ﬂo)} D(Bo) U5, r (7, o)~ (c'qz[;[}c) * C'W; ", The last
term is NV (0, I,,,).
If C is singular, then, as in Kleibergen (2002, 2005), \/n vec []A)(BO)} 4, Yp, where

Yp is a gm x 1 multivariate normal distribution with variance Zg,. In this case,

where:

Ep, = FoloFy — Folo AoFo (A.2)

1
S g d _ 2 _
(D6 T3 D] D) T e Bo) < (v Wten) w5
The conditional distribution 1/)’D\IJ[;0 Y, [¢bp follows a multivariate normal with mean zero
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and variance ¢, s L p. Since 1, and 1 p are independent, the marginal and conditional

1
distributions are the same. This implies that (1/)’D \IJ[;O11/)D) : 1/)’D\IJ[;011/JT = N(0,1,),

and [ﬁ(ﬁo)”ﬂ—olb(ﬁo) TD(Bo) 5 r(, Bo) —5 N (0, 1), unconditionally. O

Derivation of equation (3.7): The first order condition of Syp(5) with respect to

[ is:

~10Sup(8)
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The partial derivative of \ilg L with respect to £ is:
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The second term of equation (A.3) simplifies to:
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the 5" column of (A.4) is:
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Since both terms are scalars, (A.4) simplifies to
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and (A.3) becomes:
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where D(ﬁ) = [Ijl(ﬁ) ]A)m(ﬁ)} and, for 7 =1,...,m,
D; (o) = %ﬁ’fo) - [({% (87“(87;]-60))] A [ar(gfo)]/\ifﬁolr(ﬁ,ﬁo). O

A.2. Robust Tests in Linear Instrumental Variable Models

The linear limited information model and its unrestricted reduced form is:

{y_xﬂ—l-u {y_z5z+e (A5)

X= 72T, + v X =727, +v

The included exogenous regressor w is omitted for exposition clarity. The OLS estima-
tors of &, and 7, are §, = (z'z)~'z'y and 7, = (2/z) ~'2x, respectively. The link function
(0, — 7,0) can be rewritten as (z'z) "'z (y — xf).

Note that W = [1-8)] ® Iy,. If the residuals are homoskedastic, the asymptotic

variance of vec|d,, 7] is 2 ® (%), where Q is Var(e, v). By definition, U3, is:

(1 —B)) ®l }{Q@@ <%>1} [( o ) ®Ikz}

Let Q = [)y(:] M, [v x] /(n — k,) be the estimator of €. After substituting € into Wg,,

R ;0\ 1 ,
we find that ¥g, = &%0 (ﬂ) where &%0 = (y=xPo) M]j (y_x’g”), and we have Syp = AR.

n n—=k,
The matrix Q can be partition as Q = [Qce, Qey : Que, QLyp]. Since %ﬁfo) = —7, and

2 (Z50) = [0 L), veeD(B)] s

;N\ =1
— —vecli,] + { 0. Q]e (7> } K - ) ® Ikz} 516, — 50)
QE’U
_ﬁf)vi

AN 1 e
= — vec[f,] + vec (—) W (0, = 7,5)

n

Since % =[1-8] [ge“ }, we have that D(8) = —7,(6o).
In the case of heteroskedastic residuals, the White estimator of the asymptotic covari-

A /
ance matrix of \/ﬁ((éz —6,) ,vee(7r, — wz)’) can be written as:

1 —1
. 7'z , diag(é?) diag [vec(0;é;)'] 7'7
A_ lj’”“ = (%) ] ngeeini) dngvetri) |57 (5
where diag(t;) represents a diagonal matrix whose typical element in the main diagonal

i is t;. Pre-multiplying by [ (1 -8)) ®Ix. ] and post-multiplying by [( ,1#,0) ® Iy, | results

© Royal Economic Society 2009



Inference in Limited Dependent Variable Models Robust to Weak Identification 23

in Wg,, which is:

1y, -1
= <%) n~ 17/ {diag(éf) — (B @ I,) diag [vec(0;é;)] — diag [vec(;€;)'] (Bo @ I,)

7'z

+(050 1) ding (ec(idD)] (& L)} (), o

(2 et (2)

Then, the White covariance matrix with ordinary least square estimate for the reduced
form parameters give us the following result:

. 7'z 9 -1 /77 .

Vit 6. o) (22) (w712 {ang [t6 60} 2) () VA (G —
= (v~ x8o)'z (w7 {aiag [(w(80)°] }2) = 2l — xB0)
NG y 0 g {20 NG Yy 0
where 4(8y) = (é — 05p) = M, (v — x8o). Kleibergen’s (2007) S- and K-tests use u(fy) =
y —xfp in the last equation for estimating the variance covariance matrix. The same
proof extends for the case of clustered and autocorrelated residuals.

Since

1 . N .
- {z’ {dlag {(ui(ﬁo))ﬂ } 7 —7 {dlag [(ui(ﬁo))ﬂ } z} =0,(1),
the S- and the K-tests are asymptotically equivalent to the Syp- and the Kyp-tests,

respectively. Chernozhukov and Hansen (2008) demonstrate the asymptotic equivalent
between the Wald — S and Wald — K and S and K.

A.8. The algorithm for computing the robust tests using built-in functions

We derived tests for the following class of limited dependent variable models with unre-
stricted reduced form representation:

3

X= 2T, + Wiy, + v X =77, + Wiy + v

{y*:xﬁ—i—ww—i—u {y*zzéz—l—wéw—i—vév—i—s

where u = va + € and 9§, = o + (. Define z = (z,w), 6 = (0,,0%,,0.), mx = (7,5 T ), and
h = zd, + Wiy +v0,. We consider estimators of § and 7, which have an influence function
of the following form Y7 | g:(8, mx) = g (0, mx) = (81,0(0, 7x)’ ggm(wx)’)/, where:
"g(h
gl,n(& 7Tx) = ( i/gghg ) P and g2,n(ﬂ—x) = VeC(ZI’U),

where € is an n x 1 vector of generalized residuals, i.e, E [;|v;,2;; 0, 1] = 0 fori =1,...,n.
This vector is a function of the reduced parameters through h. This representation ac-
commodates several limited dependent variable models, including the endogenous probit,
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Tobit and count data models. In the case of maximum or quasi-maximum likelihood,
81,0 (0, my) is the score function.?

Define o; = g—;i. The Jacobian of g, (8, 7x) has the following form
VY z Yo =4, @uYazl,

>3 > -0 ®z'Y
H|:H55,71 Hsr. } zXz 7ZXv RzY z

n — !
0 I,®(z'z) 0 0 I ® (2'2)
where ¥ = diag(c;). We use that agé’\f;(cij") =z (ﬁig&)n ‘98‘:/"0;((:")) and aa\:’::(gi)) =0 ®z

in the derivation of the last block column. Because of the conditional independence we

have
L gl,n(aa 7Tx) 0 G 0
\/ﬁ[ wnm) | "N oo 1))
where G = E[g; (8, mx)gi (0, 7) |z, v;] and T = lirf E[L37 | (In ®2)) viv; (Im @ 2;)].
n——+0oo

The asymptotic distribution of the reduced form parameter estimator is:

(b )2 (1M e ) R ().

After some simplification, we find that the asymptotic variance is:

Hy GHG + (8, @ 1) Mgy, (00 @ 1)) (0, @ I) Ay,
Aﬂ'xﬂ'x (51; ® Ik) Aﬂ'xﬂ'x

where n~'Hgs ., B Hgs, A, = (12 Q) I TI® Q)™ and n1z'z % Q. The term
Hg(;l GH(;_(;1 is the variance-covariance of the quasi-maximum likelihood estimator. Pre
multiplying by [(1-6§) ® (I, 0)] and post multiplying by [( _},) ® (1’52 )] results in
Wg,, which is

(HgélGHgél)gzgz + (0 — ﬁo)l ® L) Ay, (00 = Bo) ® 1x,) (A.6)

where (Hgé1 GH;;1 )5 P is the k, x k, variance of SZ. In the simulations for the endoge-

nous count data model, the computation of \i/ﬂ is based on equation (A.6). If the like-
lihood is correctly specified, HgglGHggl = Hg(;l by the matrix information equality. If
residuals are homoskedastic, the covariance matrix estimator derived from ordinary least
squares can be simplified to Ay r. = (Zpp ® Q1. The matrix Q can be partitioned as
Q = [Quz, Quw : Qwz, Qww]. Then, equation (A.6) simplifies to

(Hgél)gz(sz + (6\' - ﬁo)/zvv (6\' - BO) ;zlw

where Q. w = Quz — QZWQV;}VQWZ. This is the variance equation used for computing the
robust tests for endogenous probit and Tobit models in Finlay and Magnusson (2009).

1011 the Tobit model, 0’?, the variance of £, is a nuisance parameter in the reduced form model. In this
(1)

case, gy, * (0, 7x) is the ‘effective’ score, which is obtained as the residual of regressing gsll)(é, mx) on the
score of 0.
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