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Appendix B. Saddlepath Dynamics (Section 3)

We establish three Propositions, which are used in the discussion of Section 3.1.

Proposition 1. With a temporary ‘small’ windfall of size N > 0 from time T0 ‡ 0 to T1 > T0,

DCð0Þ þ DGð0Þ ¼ expð�kuT 0Þ 1� expð�kuT Þ½ �N > 0; ðB.1Þ

where

ku ¼
1

2
r � þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r �2 þ 8rP0Y

p
> r � > 0;

T ” T1 ) T0 > 0, and D indicates deviations from the benchmark trajectories.

Proof. Linearising (4) and (5) around a steady state with zero N, that is F1 ¼ �F ¼ 0;
P1 ¼ 0 and C1 ¼ Y =ð1þ wrÞ; yields:1

_x ¼ Ax� DN
0

� �
with x � DF

DC

� �
; A � r � 1þ wr

R 0

� �
and R � 2rP0C1 > 0:

The eigenvalues of the matrix A are:

ks ¼
1

2
r � � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r �2 þ 4Rð1þ wrÞ

p
< 0 and ku ¼

1

2
r � þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r �2 þ 4Rð1þ wrÞ

p
> r � > 0:

As one of the eigenvalues is positive and the other one is negative, the system displays
saddlepath dynamics. We solve this system with spectral decomposition of the matrix A (cf.,
Buiter, 1984):

A � r � 1þ wr

R 0

� �
¼ N�1 ks 0

0 ku

� �
N with N � Nss Nsu

Nus Nuu

� �
;

where the columns of the matrix N stack the eigenvectors of the matrix A. The eigenvectors are
calculated from the equations:

NA ¼ r �Nss þ RNsu ð1þ wrÞNss

r �Nus þ RNuu ð1þ wrÞNus

� �
¼ ksNss ksNsu

kuNus kuNuu

� �
¼ ks 0

0 ku

� �
N:

1 We assume P¢ > 0 at the steady state. That is not strictly necessary as long as P¢ > 0 at all points on the
adjustment path towards the steady state.
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Normalising such that Nuu ¼ 1, we obtain Nus ¼ ku=ð1þ wrÞ ¼ R=ðku � r �Þ > 0 from equating
the two elements in the bottom row of the above matrix equation. Note that the top row gives
Nss ¼ )S ⁄ (1 + wr) < 0. Defining the vector z ” Nx, we obtain zuðtÞ ¼

R1
0 expð�kutÞNusDN ðtÞdt

provided we assume that limt!1 expð�kutÞzuðtÞ ¼ 0 holds. Restricting the solution to the stable
manifold, we obtain DCðtÞ ¼ �N �1

uu NusDF ðtÞ þ N �1
uu zuðtÞ or

DCðtÞ ¼ �NusDF ðtÞ þ zuðtÞ ¼
ku

1þ wr

� � Z 1
t

exp½�kuðt 0 � tÞ�DN ðt 0Þdt 0 � dF ðtÞ
� �

:

With the step function DN(t) ¼ N, T0 < t £ T1 and zero at all other instants of time, this
equation becomes:

DCðtÞ ¼ ku

1þ wr

� �
exp �kuðT 0 � tÞ½ � 1� expð�kuT Þ

ku

� �
N � DF ðtÞ

� �
; 0 < t � T 0

DCðtÞ ¼ ku

1þ wr

� �
1� exp �kuðT 1 � tÞ½ �

ku

� �
N � DF ðtÞ

� �
; T 0 < t < T 1;

DCðtÞ ¼ � ku

1þ wr

� �
DF ðtÞ; t � T 1:

ðB.2Þ

As DF(0)=0, it follows that

DCð0Þ ¼ expð�kuT 0Þ
1� expð�kuT Þ

1þ wr

� �
N > 0:

The initial jump in total consumption thus equals (B.1).

Proposition 2. With a temporary ‘small’ windfall of size N starting at time 0 and finishing at t ¼ T1,

we have DF(t) < 0 for all t > 0, D _F ðtÞ < 0 for 0 < t < T 1 and D _F ðtÞ > 0 for t > T 1: We also have (7) and

(8). Comparing the outcome in the capital scarce economy with that under the PIH, we have (10).

Proof. Setting T0 ¼ 0 and substituting the last two expressions for DC(t) given in (B.2) into
D _F ðtÞ ¼ r �DF ðtÞ þ 1þ wrð ÞDCðtÞ � DN ðtÞ; and making use of r � � ku ¼ ks yields:

D _F ðtÞ ¼ � exp �kuðT 1 � tÞ½ �N þ ksDF ðtÞ; 0 < t < T 1;

D _F ðtÞ ¼ ksDF ðtÞ; t � T 1:

Solving these differential equations with the initial condition DF(0) ¼ 0, we obtain:

DF ðtÞ ¼ � expðkutÞ � expðks tÞ
ku � ks

� �
expð�kuT 1ÞN < 0; 0 < t � T 1;

DF ðtÞ ¼ exp ksðt � T 1Þ½ �DF ðT 1Þ ! 0 as t !1; t > T 1;

ðB.3Þ

where DF(T1) is as given in (7). It follows that DF(t) < 0 for all t > 0. Differentiation of (B.3)
yields:

D _F ðtÞ ¼ � ku expðkutÞ � ks expðks tÞ
ku � ks

� �
expð�kuT 1ÞN < 0; 0 < t � T 1;

D _F ðtÞ ¼ ks exp ksðt � T 1Þ½ �DF ðT1Þ > 0; t > T 1;

ðB.4Þ

hence, D _F ðtÞ < 0; 0 < t < T 1 and D _F ðtÞ > 0; t > T 1: Using (B.2), DCðT1Þ þ DGðT1Þ ¼
�kuDF ðT 1Þ and thus using (7):

DCðT1Þ þ DGðT1Þ ¼
ku

ku � ks

� �
1� exp ðks � kuÞT 1½ �f gN > 0: ðB.5Þ
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Hence, (8) follows. To establish the inequality sign in (10), we note that equation (B.5) becomes
equal to the outcome under the PIH, 1� expð�r �T 1Þ½ �N , if S* ” 4S(1 + wr) ¼ 0. If we
differentiate and use ku + ks ¼ r*, we find that:

@ DCðT1ÞþDGðT1Þ½ �
@R�

¼ exp ðks�kuÞT 1½ �N
4ðku�ksÞ3

" #
�r � 1�exp ðks�kuÞT 1½ �f gþ2T1kuðku�ksÞh i:

To sign the expression in the angular brackets, we note that it equals zero and its derivative
with respect to T1 is positive, (2ku ) r*)(ku ) ks) > 0, if T1 ¼ 0. For positive T1, this derivative
is even more positive. Hence, the term in curly brackets is positive for all T1 > 0 and
therefore consumption at t ¼ T1 is more than under the PIH as indicated in expression (10).

Proposition 3. With an anticipated ‘small’ windfall of size N > 0 starting at t ¼ T0 and finishing at

t ¼ T1, we have

D _F ðtÞ > 0 for 0 < t < T 0; D _F ðtÞ < 0 for T0 < t < T 1 and D _F ðtÞ < 0 for t > T 1:

A bigger T0 implies a bigger reduction in foreign debt at the end of the windfall.

Proof. Upon substitution of (B.2) into the differential equation for DF(t), we obtain:

D _F ðtÞ ¼ exp �kuðT 0 � tÞ½ � 1� expð�kuT Þ½ �N þ ksDF ðtÞ; 0 < t � T 0;

D _F ðtÞ ¼ 1� exp �kuðT 1 � tÞ½ �f gN þ ksDF ðtÞ; T 0 < t < T 1;

D _F ðtÞ ¼ ksDF ðtÞ; t � T 1:

Forward integration of this differential equation yields:

DF ðtÞ ¼ expðks tÞ 1� expð�r �tÞ½ �expð�kuT Þ 1� expð�kuT Þ½ �N =r � > 0; 0 < t � T 0;

DF ðtÞ ¼ expðks tÞ � 1

ks

� �
expð�kuT 0Þ 1� expð�kuT Þ½ �N þ 1� exp ksðt �T0Þ½ �

ks

� �
N ; T 0 < t � T 1;

DF ðtÞ ¼ exp ksðt � T 1Þ½ �DF ðT 1Þ ! 0 as t !1; t > T 1:

Ahead of the windfall (t £ T0), the country borrows to make possible an increase in consumption
[DF(t) > 0]. During the windfall (T0 < t £ T1), the country starts to pay back its debt and
eventually build up assets. At the end of an anticipated windfall, we have:

�DF ðT 1Þ ¼ �
N

ks

� �
1� exp ksT 1ð Þ � 1� expðksT 1Þ½ � expð�kuT 0Þ 1� expð�kuT Þ½ �f g > 0:

Note that

@ � DF ðT 1Þ
@T 0

¼ � N

ks

� �
�ks expðksT 1Þ þ ku expð�kuT 0Þ � ðku � ksÞ exp �ðku � ksÞT 0 þ ksT½ �f gð

� 1� expð�kuT Þ½ �Þ

and thus

@ � DF ðT 1Þ
@T0

¼ � N

ks

� �
�ks exp ksTð Þþf ku � ðku � ksÞ exp ksTð Þ½ � 1� expð�kuT Þ½ �g > 0

at T0 ¼ 0. Hence, the bigger T0, the more debt is reduced at the end of the windfall. After
the windfall (t > T1), the second term in the expression for DF(t) gradually vanishes as t fi 1.

� 2011 The Author(s). The Economic Journal � 2011 Royal Economic Society



Appendix C. Comparative Statics of Production

Section 4: The production function is Y ¼ f(K, S) (with labour force normalised at unity and
constant return to private capital and labour). Profit maximisation implies (1 ) s) fK(K, S) ¼
r* + dK this implicitly defining K(S, s). Totally differentiating, f KKdK ¼ ðf KdsÞ=ð1� sÞ � f KSdS.
The wage is W ðS ;sÞ ¼ ð1� sÞ f ½K ðS ; sÞ; S �f �K ðS ; sÞf K ½K ðS ; sÞ; S �g so that

dW ¼ Ws ds + WS dS ¼ )f [K(S, s), S]ds + (1 ) s)fS[K(S, s), S]dS

(so Ws ¼ )Y)
Income is Y(S, s) ¼ f [K(S, s), S]. Totally differentiating gives

dY ¼ Ysdsþ YS dS ¼
f K

	 
2

f KK

ds
1� s

� �
þ f S �

f K f SK

f KK

� �
dS:

For the Cobb–Douglas case Y ¼ L1)aKaSc(with L = 1), we have

Y s ¼
f K

	 
2

f KK

1

1� s

� �
¼ a

a�1

� � 1

1� s

� �
; Y S ¼ f S �

f K f SK

f KK

� �
¼ c

1� a

� � Y

S

� �

and WS ¼ (1 ) a)(1 ) s)YS.

Section 5: Profit maximisation implies fK(K) ) dK ¼ r ¼ r* + P(K ) E), this implicitly
defining K(E). Hence, r(E) ¼ fK[K(E)] ) dK and W(E) ¼ f [K(E)] ) K(E)fK[K(E)]. Compara-
tive statics are;

KE ¼P0=ðP0 � fKK Þ; rE ¼P0fKK =ðP0 � fKK Þ;WE ¼�P0K fKK =ðP0 � fKK Þ; so WE þKrE ¼ 0:
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