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Appendices

Proof of Propositions 1 and 4. See proof of Proposition 2 in Fabra et al. (2006).

The following result, which is adapted from Theorem 3.1 in Amir et al. (2010), is used in the
proof of Propositions 3 and 5.

Theorem 1. If conditions C1–C3 hold, then the simultaneous capacity choice game is a game of
strategic substitutes, which has at least one pair of asymmetric pure-strategy equilibria in capacity choices and
no symmetric one, where

C1: pd�
i andpdþ

i are submodular :

C2:
@pdþ

i ðk; kÞ
@ki

>
@pd�

i ðk; kÞ
@ki

for all k 2 ð0; 1Þ:

C3:
@pdþ

i ð0; 0Þ
@ki

> 0 and
@pd�

i ð1; 1Þ
@ki

< 0:

If C1 and C2 hold, then payoff functions are submodular on [0,1]2. Due to the kink along the
diagonal, the submodularity of pd�

i and pdþ
i do not suffice to guarantee overall submodularity of

pd
i . Nevertheless, if C2 holds, then payoff functions are submodular, and, consequently, the

capacity game induced by the discriminatory auction is a game of strategic substitutes. Finally, the
role of C3 is to rule out that either (0,0) or (1,1) belong to the best-reply correspondences.

Proof of Proposition 3. Since any capacity choice above the maximum demand realisation, ki > 1, is
strictly dominated by ki ¼ 1, firm i�s strategy space can be constrained to the compact set [0,1]. It
follows from Topkis’s (1979) Characterisation Theorem that pd�

i and pdþ
i are submodular if the

second-order cross derivatives are negative, with

@2pd�
i

@ki@kj
¼ � P

kj

Zkiþkj

kj

h� 2ki

kj
dGðhÞ þ g ðki þ kjÞki

2
64

3
75;

@2pdþ
i

@ki@kj
¼ �Pg ðki þ kjÞ < 0:

The second-order cross derivative of the small-firm profit function is always negative
if kj � 2ki, as then

R kiþkj

kj

�
h � 2ki

�
=kj dGðhÞ > 0. If hg(h) is increasing, the result also holds for

pairs (ki, kj) such that ki � kj < 2ki. To see this, note that we can write @2pd�
i =@ki@kj ¼

�ðP=kþÞ=H ðki ; kjÞ, where
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H ðki ; kjÞ ¼
Zkiþkj

kj

h� 2ki

kj
dGðhÞ þ g ðki þ kjÞki

¼ 1

kj

Zkiþkj

kj

fGðki þ kjÞ þ kj g ðki þ kjÞ � ½GðhÞ þ ð2ki � kjÞg ðhÞ�gdh

� 1

kj

Zkiþkj

kj

fGðki þ kjÞ þ kj g ðki þ kjÞ � ½GðhÞ þ kj g ðhÞ�gdh:

The second equality follows from straightforward computations after integration by parts of
hg(h), and the inequality from the fact that 2ki � kj � kj. A sufficient condition for the integral
above to be positive is that G(h) þ kjg(h) be an increasing function in h on (kj, ki þ kj), which
holds trivially if g(h) þ hg(h) � 0, that is, hg(h) is increasing.

Hence, condition C1 in Theorem 3 holds. Equation (4) shows that condition C2 holds. Last,
since ½@pdþ

i ð0; 0Þ�=½@ki � ¼ P � c > 0 and @pd�
i ð1; 1Þ=@ki ¼ �c < 0; condition C3 in Theorem 3

also holds. Therefore, the capacity game is a game of strategic substitutes, it has at least one pair
of asymmetric pure-strategy equilibria and no symmetric one.

The equilibrium is unique since the slope of the best correspondence function of the small firm
is smaller than the one corresponding to the large firm so that they can cross only once, that is,

@2pd�
i

@k�@kþ

����
����� @2pdþ

i

@kþ@k�

����
���� < 0

holds. To see this, note that

@2pd�
i

@k�@kþ

����
����� @2pdþ

i

@kþ@k�

����
���� ¼ P

1

kþ

ZK

kþ

ðh� 2k�Þ
kþ

dGðhÞ � g ðK Þ kþ � k�

kþ

� �2
4

3
5:

Furthermore,

1

kþ

ZK

kþ

ðh� 2k�Þ
kþ

dGðhÞ < 1

kþ
g ðK Þ kþ � k�

kþ

� �
k� < g ðK Þ kþ � k�

kþ

� �
;

where the first inequality follows from the fact that (h � 2k�)g(h) is an increasing function for
any h � 2k�(if g is non-increasing then hg(h) increasing implies that (h � 2k�)g(h) is increasing
as well, whereas if g is increasing the result follows from h � 2k� � 0) and the second inequality
from the fact that k� < kþ. It hence follows that

@2p�i
@k�@kþ

����
����� @2pþi

@kþ@k�

����
���� < 0;

as claimed.

Proof of Proposition 5. Following similar steps as those in the proof of Lemma 3 in Fabra et al.
(2006), it is possible to characterise the unique mixed strategies equilibrium in the uniform-price
auction when firms face demand uncertainty at the pricing stage. Let F u

j ðbÞ ¼ Prðbj � bÞ denote
the equilibrium mixed-strategy of firm j, j ¼ 1,2. For any price in the support, b 2 ½bu,P),
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F u
j ðbÞ ¼

bj ln
b

bu

� �
for kj ¼ 0

bj

kj

b

bu

� �kj

�1

" #
for kj 6¼ 0

8>>><
>>>:

where

kj ¼

Z1

kj

minðh� kj ; kiÞdGðhÞ �
Zki

0

h dGðhÞ

Z1

0

minðh; kiÞdGðhÞ �
Z1

kj

minðh� kj ; kiÞdGðhÞ

;

bj ¼

Zki

0

hdGðhÞ

Z1

0

minðh; kiÞdGðhÞ �
Z1

kj

minðh� kj ; kiÞdGðhÞ

:

If ki � kj then bi � bj, and if k1 ¼ k2, then b1 ¼ b2 and k1 ¼ k2.
If kj, ki 6¼ 0 and if kj � ki and (bj/kj) � (bi/ki), it follows that

lim
b"P

F u
j ðbÞ ¼

bj

kj

b

bu

� �kj

�1

" #
� bi

ki

b

bu

� �kj

�1

" #
¼ lim

b"P
F u

i ðbÞ:

Since at most one player can bid P with positive probability, it follows that in this cases we must have
limb"P F u

i ðbÞ � limb"P F u
j ðbÞ ¼ 1. Then it is straightforward to verify that bu is given uniquely by

bu ¼ P
bj

bj þ kj

 !1=kj

: ðA1Þ

Equilibrium profits are, for j ¼ 1, 2,

pu
j ¼ P Prðbi < PÞ

Z1

ki

minðh� ki ; kjÞdGðhÞ þ Prðbi ¼ PÞ
Z1

0

minðh; kjÞdGðhÞ

2
64

3
75;

where Prðbi < PÞ ¼ limb"P F u
i ðbÞ.

We now analyse the behaviour of the equilibrium as one considers the limit case in which
demand uncertainty vanishes out and the price subgame converges to the complete information
price subgame. This is accomplished by performing comparative statics as we let the distribution
of h converge to a Delta-Dirac distribution. By fixing the �spike� or the mass point at h ¼ hC, we
can study the limiting behaviour of the mixed strategy-equilibrium as [gr(h)] ! dhC

, where
0 � hC � 1. The following properties of the Delta-Dirac will be used throughout this proof:

(i) The delta function obeys the sifting property:
R b

a hðyÞdðy � hC Þdy ¼ hðhC Þ (Bracewell, 1999,
pp. 74–5) so that

R 1
0 ygrðyÞdy ! hC :

(ii) Whenever the sifting property yields indeterminate values for the parameters in Fu, we will
use the fact that the Delta-Dirac function can be expressed as the limit (in the sense of distri-
butions) of the sequence of Gaussians drðxÞ ¼ 1=ðr

ffiffiffi
p
p
Þe�ðx�hÞ2=r2

as r ! 0.
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Using the above results to compute the values of parameters lj, kj and bj as g converges to d, we
next analyse the convergence of the unique mixed-strategy equilibrium (MSE) of the pricing
game under the uniform-price auction when h is almost certainly in (k2, K), that is, High Demand
Region II.

Since b1 ! b2 ! 0, F u
j ðbÞ ! 0 for all j unless bu!0. We first explore if this is indeed the case.

Assume first that limb"P F u
2 ðbÞ � limb"P F u

1 ðbÞ ¼ 1 which, together with k1!(h � k1)/
(k1 þ k2 � h) 6¼ 0, imply that bu is uniquely given by A1), with

bu ¼ P
b1

k1 þ b1

� �1=k1

! 0; as b1 ! 0:

Since bu ! 0, then

lim
b"P

F u
2 ðbÞ ¼

b2

k2

k1 þ b1

b1

� �k2=k1

� b2

k2
! 0

as b2 ! 0, k2 ! (h�k2)/(k�h) > 0 and

b2

k2

k1 þ b1

b1

� �k2=k1

¼ lim
r!0

Zx

0

ze� ðzþy�hÞ=r½ �2 dz þ x

Z1

xþy

e� ðz�hÞ=r½ �2 dz

Zx

0

ze� ðz�hÞ=r½ �2 dz

� 1

2
66666664

3
77777775

�1

�

8>>>>>>>><
>>>>>>>>:

Zy

0

ze� ðzþx�hÞ=r½ �2 dz þ y

Z1

xþy

e� ðz�hÞ=r½ �2 dz

Zy

0

ze� ðz�hÞ=r½ �2 dz

2
66666664

3
77777775

ðh�k2Þ=ðh�k1Þ9>>>>>>>>=
>>>>>>>>;
¼ 0:

It hence follows that on the interior of the support F u
2 ðbÞ ! 0; while

F u
1 ðbÞ ¼

k1 þ b1

k1

b

P

� �k1

� b1

k1
! b

P

� �ðh�k1Þ=ðk1þk2�hÞ
:

Therefore, F u
1 ðbÞ converges to the mixed-strategy equilibrium under demand uncertainty at

which Pr (b1 ¼ P) ¼ 0, while F u
2 ðbÞ converges to the mixed strategy-equilibrium under demand

uncertainty at which Pr (b2 ¼ P) ¼ 1.1

Assume next that limb"P F u
2 ðbÞ ¼ 1 � limb"P F u

1 ðbÞ: We now show that this leads to a contra-
diction. The value of bu is now given uniquely by (A1) with bj ¼ b2 and kj ¼ k2. Since b2! 0 and
k2 ! ðh � k2Þ=ðk � hÞ > 0 then

bu ¼ P
b2

k2 þ b2

� �1=k2

! 0, so that lim
b"P

F u
2 ðbÞ ¼

b2

k2

k2 þ b2

b2

� �1=k2
" #k2

�1

8<
:

9=
;!1;

contradicting limb"P F u
2 ðbÞ ¼ 1. Since limb"P F u

2 ðbÞ � limb"P F u
1 ðbÞ ¼ 1 holds, equilibrium

approaches something with the flavour of the pure-strategy equilibrium, with the large firm
bidding at P and the small firm mixing over a range between 0 and P. Profits converge again to
p1!Pk1 and p2 ! P h� k1ð Þ:

1 Mixed strategy equilibria under demand certainty are derived in Fabra et al.(2006).
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Proof of Proposition 6. We name Firm 1 the firm with the smallest capacity at the end of stage 1, that
is, i ¼ 1 iff ki � kj. We let k̂1 denote the capacity choice of Firm 1 at the end of stage 2, and k̂2 the
capacity choice of Firm 2 at the end of the third stage. Since at stages 2 and 3 firms can only
reduce or mothball capacity, it follows that k̂i � ki i ¼ 1,2. Stage 3 determines firms� identities
(either small or large) so that, whenever clear from the context, we will write k̂2 ¼ k� or k̂2 ¼ kþ:

We solve the game by backward induction, beginning with the optimal choice of Firm 2
at stage 3. If Firm 2 were to become the small firm then k̂2 ¼ k� ¼ minðk�; k̂1 � �Þ, where
k�¼ argmaxkPk[1 � G(k)] (recall that investment costs are sunk at this stage). If Firm 2 opts
for being the large firm, its expected profits are independent of k2 whenever k̂1 þ k2 > 1,
whereas they are increasing in k2 otherwise. Consequently, Firm 2�s constrained maximum as
large firm is k̂2 ¼ kþ ¼ k2. To set the best reply we must compare profits at k̂2 ¼ k� and at
k̂2 ¼ kþ. Let �kþðk�Þ stand for the capacity of the large firm that yields the same revenues as
k�. Formally,

�kþðk�Þ ¼ kþ 2 ðk�; 1Þ :

Z1

k�

k�dGðhÞ ¼
ZK

k�

ðh� k�ÞdGðhÞ þ
Z1

K

kþdGðhÞ

8<
:

9=
;:

If no kþ satisfies equality above, we will set �kþðk�Þ ¼ 1:
The best reply of Firm 2 at Stage 3 is hence:

R2ðk̂1; k2Þ ¼ minðk�; k̂1 � �Þ if k2 < �kþðk̂1Þ
k2 if k2 � �kþðk̂1Þ.

�

Consider next the best reply by Firm 1 at Stage 2. By backward induction if k2 � �kþðk1Þ, the
best Firm 1 can do is to maintain its existing capacity given that its rival will respond by main-
taining its own. If k2 < �kþðk1Þ, Firm 2 will undercut. To maintain the status of small firm, Firm 1
has to make undercutting unprofitable to its rival by setting k̂1 that satisfies k2 ¼ �kþðk̂1Þ.
Reducing to k̂1 is more profitable than keeping k1 as

p�½k̂1; �kþðk̂1Þ� ¼ pþðk̂1; k2Þ > pþðk� ¼ k1 � �; kþ ¼ k2Þ > pþðk� ¼ k1 � �; kþ ¼ k1Þ;

where the equality follows from the definition of �kþðk̂1Þ , the first inequality follows from the fact
that pþ is decreasing in k� for any kþ, and the second one from the fact that over this region the
large firm profits are increasing in its own capacity. Thus Firm 1�s best reply is given by

R1ðk1;R2Þ ¼ min½k1; k̂ : k2 ¼ �kþðk̂Þ�:

It follows from R1 and R2 that, at any equilibrium, the firm that produces less in the first stage
will maintain the status of small firm, whereas its rival will be the large firm. As such it will
produce in the first stage so as to be on its FOC given that pþ is a strictly concave function.
Consequently, an equilibrium is a capacity pair ð~k�; ~kþÞ that solves system formed by (5) and (6).
To see that it is a Nash equilibrium of the overall game we show next that there is no profitable
deviation for the small firm given R1 and R2 and k2 ¼ ~kþ. Since payoffs for firm i will depend on
market revenues which are a function of capacity choices at the end of stage 3, ðk̂i ; k̂jÞ, and on
capacity costs, which are a function of firms� choices at the first stage, (ki, kj), it follows trivially
that

p�ð~k�; ~kþÞ > p�ðk� < ~k�; ~kþÞ since ~k� is closer to k�;

and

p�ð~k�; ~kþÞ > p�ðk� > ~k�; ~kþÞ ¼ p�ð~k�; ~kþÞ þ cðk� � ~k�Þ:

Similarly, there is no profitable deviation for the large firm given R1 and R2, as ~kþ maximises
pþð~k�; kþÞ and k̂i ¼ ki for both firms.
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Last, equilibrium existence is guaranteed: since at ku� ¼ 0 < kuþ, the left-hand side of (6) is
smaller than the right-hand side, while the opposite is true at ku� ¼ kuþ, it follows that for any
given kuþ, there exists at least one ku� that solves (6).

Proof of Proposition 8. Under uniformly distributed demand, firms� expected profits conditionally
on being large or small are concave in own’s capacity. Hence, equilibrium capacity choices
(kdþ, kd�) can be found by solving the system of FOCs (2) and (3). Writing z ¼ c/P, these can be
simplified to

1� z ¼ kd� 1� 2 ln
kd�

kdþ

� �
þ 3

2

kd�

kdþ

	 

; ðA2Þ

1� z ¼ kdþ þ kd�: ðA3Þ

To characterise equilibria fully, let kdþ ¼ akd�, with a > 1. Using (A3), we find

kd� ¼ 1

1þ a
ð1� zÞ:

From this result (A2), we find a2 � 2a lnðaÞ � 3
2 ¼ 0, which has a unique solution, a ’ 2.34.

Aggregate equilibrium capacity is Kd ¼ 1 � z, and equilibrium profits become

pd�
i þ pdþ

i ¼ lP ð1� zÞ2;

where

l ¼ a3 þ 2a2 � 1� 2a ln a

2að1þ aÞ2
’ 0:36:

In the uniform-price auction, equilibrium capacity choices (kuþ, ku�) solve the system of (5)
and (6), which for uniformly distributed demand can be simplified to

kuþ þ ku� ¼ 1� z;

ku�ð1� ku�Þ ¼ 1

2
kuþð2� 2ku� � kuþÞ:

The solution is

ku� ¼ 2

3
1� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3z2

p� �
;

kuþ ¼ 1

3
1� 3z þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3z2

p� �
:

Aggregate equilibrium capacity is Ku ¼ 1 � z, and aggregate equilibrium profits become

pu�
i þ puþ

i ¼ 2

9
P 1� 3

2
zð3� zÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3z2

p	 

:

Part (i) follows from comparing equilibrium capacities, as derived above. Let Dk� ¼ ku� � kd�

denote the difference in the small firm’s capacity across the two auction formats. We have

dDk�

dz
¼ 1

1þ a
� zð1þ 3z2Þ�

1
2;

d2Dk�

dz2
¼ �ð1þ 3z2Þ�

3
2 < 0:

� 2011 The Author(s). The Economic Journal � 2011 Royal Economic Society.



In other words, Dk� is increasing in z for z < ða2 þ 2a � 2Þ�
1
2 ’ 0:35 – where it reaches its

maximum value (0.08) – and it is declining thereafter to equal 0 at z ¼ 1, implying that kd� < ku�

for all z 2 [0,1). Since aggregate capacity is the same for both auction formats, it follows that
kdþ > kuþ. So, the discriminatory auction results in more capacity asymmetry than the uniform-
price auction.

Part (ii) follows from comparing equilibrium aggregate profits. Let Dp ¼ ðpu�
i þ puþ

i Þ�
ðpd�

i þ pdþ
i Þ. We then have

Dp ¼ 2

9
P 1� 3

2
zð3� zÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3z2

p	 

� lPð1� zÞ2; ðA4Þ

dDp
dz
¼ � 2

3
P

3

2
� z � 3lð1� zÞ � zð1þ 3z2Þ�

1
2

	 

;

d2Dp
dz2

¼ � 2

3
P 3l� 1� ð1þ 3z2Þ�

3
2

h i
:

From the observations that (d2Dp)/(dz2) is decreasing in z and (d2Dp)/(dz2) ’ 0.03P at z ¼ 1,
it follows that (d2Dp)/(dz2) > 0, that is, Dp is concave in z. Given this result and the fact that
(dDp)/(dz) ¼ 0 at z ¼ 1, we must have (dDp)/(dz) < 0, that is, Dp is decreasing in z. Then, since
Dp ¼ 0 at z ¼ 1, it follows that Dp > 0 for all z 2 [0, 1).

Finally, note that consumer payments equal total revenues of firms (the sum of capacity costs
and profits). As capacity costs are the same in both auctions, the fact that profits are lower with
the discriminatory format implies that consumer payments are lower also. Moreover, since
expected consumption is the same with both formats, the average price is lower and consumer
surplus is higher in the discriminatory auction.

Proof of Proposition 9. Consumer surplus equals total welfare less aggregate profits, or
CSa ¼ W a � ðpa�

i þ paþ
i Þ.

Since aggregate capacities are the same, so is total welfare. Writing z ¼ c/P we have

W a ¼ v

Zka�þkaþ

0

h dhþ
Z1

ka�þkaþ

ðka� þ kaþÞdh

2
4

3
5� cðka� þ kaþÞ

¼ v

Z1�z

0

h dhþ
Z1

1�z

ð1� zÞdh

2
4

3
5� cð1� zÞ ¼ 1

2
ð1� zÞ½vð1þ zÞ � 2c�:

Under the discriminatory auction, we find

dCSd

dP
¼ z2 v

P
� 1

� �
� lð1� z2Þ

d2CSd

dP 2
¼ � c2

P 3
3

v

P
� 2þ 2l

� �

where l ’ 0.36. It follows that, given P � v, d2CSd=dP 2 < 0. Moreover, dCSd=dP ¼
ðv=cÞ � 1 > 0 at P ¼ c and dCSd=dP ¼ �l½1 � ðc=vÞ2� < 0 at P ¼ v. Consequently, CSd is
maximised for some Pd 2 (c, v).
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Under the uniform-price auction, we find

dC Su

dP
¼ z

v

P
� 2

3

� �
� 2

9
1þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 3z2
p

� �
;

d2CSu

dP2
¼ � c2

3P 3
9

v

P
� 4þ 2ð1þ 3z2Þ�

3
2

h i
:

Given P � v, d2CS u/dP 2< 0. Moreover, dCSu=dP ¼ v=cÞ � 1 > 0ð at P ¼ c and
dCSu=dP ¼ 1

3 ðc=vÞ � 2
9 f1þ ½1þ 3ðc=vÞ2��

1
2g < 0 at P ¼ v. Consequently, CSu is maximised for

some P u 2 (c,v).
Last, since DCS ¼ CS d � CSu ¼ Dp, where Dp is given by (A4), and Dp is decreasing in c/P, it

follows that DCS is increasing in P, or dCSd/dP > dCSu/dP . From this, we conclude that
P d > P u.

Proof of Proposition 10. The unique mixed-strategy equilibrium of the uniform-price auction with
demand uncertainty at the pricing stage has been characterised in Proposition 5. In the
discriminatory auction, following similar steps as those in the proof of Lemma 3 in Fabra et al.
(2006), it is also possible to show that the equilibrium mixed-strategy of firm j,
F d

j ðbÞ ¼ Prðbj � bÞ, for any price b in the support (bd, P], is given by

F d
j ðbÞ ¼

Z1

0

minðh; kiÞdGðhÞ

Z1

0

minðh; kiÞdGðhÞ �
Z1

kj

minðh� kj ; kiÞdGðhÞ

b � bd

b

� �
:

From the observation that denominators in F d
i ðbÞ and F d

j ðbÞ are identical, it follows that ki � kj

implies F d
i ðbÞ � F d

j ðbÞ. Equilibrium profits become, for j ¼ 1,2,

pd
j ¼ P Prðbi < PÞ

Z1

ki

minðh� ki ; kjÞdGðhÞ þ Prðbi ¼ PÞ
Z1

0

minðh; kjÞdGðhÞ

2
64

3
75

where Prðbi < PÞ ¼ limb"P F d
i ðbÞ.

Proof of Proposition 11. Let k� and kþ denote the capacities of the smaller and larger firm,
respectively and define Fa� and Faþ correspondingly, for a ¼ d, u. Consider first the
discriminatory auction. For uniformly distributed demand, the mixed-strategy distribution
functions becomes

F d
j ðbÞ ¼

2� ki

2kj

� �
b � bd

b

� �
:

From Fd�(b) � Fdþ(b), we have the boundary condition limb"P Fd�(b) ¼ 1, from which it follows
that bd ¼ P(2�2k��kþ)/(2�kþ).

Equilibrium profits become

pd�
i ¼

1

2
Pk�

2� k�

2� kþ
ð2� 2k� � kþÞ � ck�;
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pdþ
i ¼

1

2
Pkþð2� 2k� � kþÞ � ckþ:

Marginal profits are given by

@pd�
i

@k�
¼ P
ð1� k�Þð2� 2k� � kþÞ � k�ð2� k�Þ

2� kþ
� c;

@pdþ
i

@kþ
¼ Pð1� k� � kþÞ � c:

The latter expression implies that at equilibrium aggregate capacity is the same as with short-
lived bids. Furthermore,

@pdþ
i ðk; kÞ
@ki

� @p
d�
i ðk; kÞ
@ki

¼ 2Pk
1� k

2� k
> 0

which rules out symmetric solutions. Now, since best replies are everywhere decreasing functions,
if an equilibrium with asymmetric capacities exists, it will be unique. Indeed, such an equilibrium
exists. Setting z ¼ c/P, closed-form solutions for equilibrium capacities are given by

kd� ¼ 1

2
ð2þ z �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 4z þ 3z2

p
Þ; ðA5Þ

kdþ ¼ 1

2
ð�3z þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 4z þ 3z2

p
Þ: ðA6Þ

Consider next the uniform-price auction. With uniformly distributed demand, the mixed-
strategy distribution functions for b 2 [bu, P) become

F uþ
j ðbÞ ¼

1

2

k�

1� k� � kþ
2� kþ � 2k�

kþ

� �k�=kþ b

P

� �ð1�k��kþÞ=kþ

�1

" #
;

F u�
j ðbÞ ¼

1

2

kþ

1� k� � kþ
2� kþ � 2k�

kþ
b

P

� �ð1�k��kþÞ=k�

�1

" #
:

Equilibrium profits can also be expressed in terms of k� and kþ as follows:

pu�
i ¼ Pk� 1� 1

2
k� � 1

2

k�kþ

1� k� � kþ

� �
2� 2k� � kþ

kþ

� �k�=kþ

�1

" #( )
� ck�;

puþ
i ¼ Pkþ 1� k� � 1

2
kþ

� �
� ckþ:

Using the profits expression above,

@pu�
i

@ki
¼ P

�
1� k� � 1

2

k�kþð2� k� � 2kþÞ
ð1� k� � kþÞ2

" #
2� 2k� � kþ

kþ

� �k�=kþ

�1

" #

� 1

2

ðk�Þ2

1� k� � kþ

" #
2� 2k� � kþ

kþ

� �k�=kþ

ln
2� 2k� � kþ

kþ

� �
� 2k�

2� 2k� � kþ

	 


� c: ðA7Þ

@puþ
i

@ki
¼ Pð1� k� � kþÞ � c:
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The latter expression implies that at equilibrium aggregate capacity is the same as with short-
lived bids. Furthermore,

@puþ
i ðk; kÞ
@ki

� @p
u�
i ðk; kÞ
@ki

¼ Pk 1þ 1

2

2� 3k

1� 2k

� �
ln

2� 3k

k

� �	 

> 0

when 0 < 2k < 1, which rules out existence of symmetric equilibria.
Given the complexity of @pu�

i =@ki , we have not been able to derive closed-form solutions for
equilibrium capacities. However, the problem may be solved by numerical methods. From the
condition @puþ/@ki ¼ 0, we have kþ ¼ 1 � z � k�. We define

hðk�Þ ¼ 1

P

@pu�ðk�; 1� z � k�Þ
@k�

:

From (A7) we have that

hðk�Þ ¼ 1� k� � k�ð1� z � k�Þð2z þ k�Þ
2z2

1þ z � k�

1� z � k�

� �k�=ð1�z�k�Þ
�1

" #

� ðk
�Þ2

2z

1þ z � k�

1� z � k�

� �k�=ð1�z�k�Þ
ln

1þ z � k�

1� z � k�

� �
� 2k�

1þ z � k�

	 

� z: ðA8Þ

A necessary (albeit not sufficient) condition for an equilibrium to exist is that h is downward-
sloping and crosses the horizontal axis for some 0 � k� � 1

2. A numerical and graphical
examination of h for different values of z demonstrates that this is indeed the case.

Proof of Proposition 12. The proof above shows that equilibrium aggregate capacity is the same
under both auction formats, and that it equals 1 � c/P. Regarding equilibrium capacities,
numerical analysis demonstrates that kd� < ku�.

We next compare equilibrium profits under the two formats. Total profits in the discriminatory
auction are

Pd ¼ pd� þ pdþ ¼ 1

2
Pð2� 2k� � kþÞ ð2� k�Þk� þ ð2� kþÞkþ

2� kþ
� cðk� þ kþÞ:

Substituting for k� and kþ from (A5) and (A6) above, writing z ¼ c/P, we find equilibrium
profits in reduced form:

Pd ¼ P
1

4
z þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 4z þ 3z2

p� � ð1þ zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 4z þ 3z2
p

� zð5þ 4zÞ
2þ 1

2 3z �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 4z þ 3z2
p� �

" #
� zð1� zÞ

( )
: ðA9Þ

Total profits in the uniform-price auction are

Pu ¼ P ðk� þ kþÞ 1� 1

2
ðk� þ kþÞ

	 

� 1

2

ðk�Þ2kþ

1� k� � kþ
2� 2k� � kþ

kþ

� �k�=kþ

�1

" #( )

� cðk� þ kþÞ:

Using the fact that, at equilibrium, k� þ kþ ¼ 1 � z, we may write total profits as a function of
k� alone:

Puðk�Þ ¼ P
1

2
ð1� z2Þ � 1

2

ðk�Þ2ð1� z � k�Þ
z

1þ z � k�

1� z � k�

� �k�=ð1�z�k�Þ
�1

" #
� zð1� zÞ

( )
:
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Numerical analysis demonstrates that profits – and hence prices – are higher with the uniform-
price format.

Proof of Proposition 13. Aggregate capacities are the same in all cases, as shown in Propositions 7
and 12.

In the discriminatory format, we can compute closed-form solutions for equilibrium capacity
choices and hence equilibrium profits. With short-lived bids, equilibrium capacity of the small
firm is given by [1/(1þa)](1 � z), where z ¼ c/P and a is the solution to the equation
a2 � 2a lnðaÞ ¼ 3

2, or a � 2.343164. With long-lived bids, equilibrium capacity of the small firm is
given by 1

2 2 þ z �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 þ 4z þ 3z2
p� �

. Simple algebra shows that the capacity of the small firm
with short-lived exceeds that with long-lived bids when z < 0.07866, and vice versa.

Aggregate profits are given by 0.359987P(1 � z)2, when bids are short-lived, whereas in the case
of long-lived bids, aggregate profits are given by (A9). Thus, profits – and hence prices – are
always lower with short-lived bids. Combining this result with Propositions 8 and 12 gives that
aggregate profits – and hence expected prices – are the lowest under the discriminatory auction
with short-lived bids.

Last, to support the claim made in the text regarding the effect of bid duration on capacity
asymmetries, we compare equilibrium capacity choices in the uniform-price auction. With short-
lived bids, equilibrium capacity of the small firm is given by 2

3 � 1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 3z2
p

, whereas with long-lived
bids the corresponding capacity is given implicitly by the equation h(k) ¼ 0, where h is defined in
(16). Since hð23� 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 3z2
p

Þ < 0 if and only if z > 0.093, this – together with the fact that h is
decreasing in k – implies that the equilibrium capacity choice of the small firm is smaller with long-
lived bids than the corresponding choice with short-lived bids when z > 0.093, and vice versa.

Proof of Proposition 14. The first-order derivatives of pu�
i and puþ

i are given by

@pu�
i

@ki
¼ P 1� 2þ qið Þki½ � � c;

@puþ
i

@ki
¼ P 1� ki � kj

� �
� c:

Since at any equilibrium the FOC of the large firm must be satisfied, it follows that aggregate
capacity equals 1 � c/P, which shows (ii).

To show (i) we first note that C1–C3 in Theorem 1 hold in our game. First, C1 holds as

@2puþ

@ki@kj
¼ �P < 0, and

@2pu�

@ki@kj
¼ 0:

Moreover,

@puþðk; kÞ
@ki

� @p
u�ðk; kÞ
@ki

¼ qik > 0;

so that C2 holds and best-replies have a downward jump that crosses over the diagonal. Finally,

@puþð0; 0Þ
@ki

¼ P � c > 0 and
@pu�ð1; 1Þ

@ki
¼ �Pð1þ qiÞ � c < 0:

It hence follows that the best reply of firm i is discontinuous at a unique point kj 2 ð0; 1Þ.
Setting q1 ¼ q � 1/2 so that q2 ¼ 1 � q, the two best reply functions in the uniform-price

auction become:

� 2011 The Author(s). The Economic Journal � 2011 Royal Economic Society.



ku
1 ðk2Þ ¼

1� c

P
� k2 ifk2 < k̂2

1

2þ q
ð1� c

P
Þ ifk2 � k̂2

8><
>:

ku
2 ðk1Þ ¼

1� c

P
� k1 ifk1 < k̂1

1

3� q
ð1� c

P
Þ ifk1 � k̂1,

8><
>:

where

k̂2 ¼
2þ q� q

ffiffiffiffiffiffiffiffiffiffiffi
2þ q
p

ð2� qÞð2þ qÞ 1� c

P

� �
>

1

3� q
1� c

P

� �
for all q � 0:5;

and

k̂1 ¼
3� q� ð1� qÞ

ffiffiffiffiffiffiffiffiffiffiffi
3� q
p

ð1þ qÞð3� qÞ 1� c

P

� �
� 1

2þ q
1� c

P

� �
for all q � 0:27389:

If q 2 [0, 0.27389], the best replies cross only once at

ku�
1 ¼ 1

2þ q
1� c

P

� �
< kuþ

2 ¼ 1þ q
2þ q

1� c

P

� �
:

In the remainder case, q 2 (0.27389, 0.5], the two best replies cross twice at

ku�
1 ¼ 1

2þ q
1� c

P

� �
< kuþ

2 ¼ 1þ q
2þ q

1� c

P

� �
and at

kuþ
1 ¼ 2� q

3� q
1� c

P

� �
> ku�

2 ¼ 1

3� q
1� c

P

� �
:

Details on Equilibrium Characterisation with Price-responsive Demand
Under the uniform-price auction, profits for the small and the large firm are, respectively,

pu�
i ¼ P

Z1

k�=DðpÞ

k�dh� ck�;

puþ
i ¼ P

ZK=DðpÞ

k�=DðpÞ

hDðpÞ � k�½ �dhþ
Z1

K=DðpÞ

kþdh

8><
>:

9>=
>;� ckþ:

The break-even constraint that determines retail prices can be written as

P � pð ÞK D pð Þ � K

2

	 

¼ 1

2
Pðk�Þ2

from which it follows that
dp

dk�
¼ ðP � pÞ½D ðpÞ � K � � Pk�

K ½D ðpÞ � 1
2 K � � ðP � pÞKD0 ðpÞ

;

dp

dkþ
¼ ðP � pÞ½DðpÞ � K �

K ½D ðpÞ � 1
2 K � � ðP � pÞKD0ðpÞ

:

In the relevant range, p < P and D(p) > K, and so dp=dkþ > 0. Also, dp=dk� > 0 if k� is
sufficiently small.
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In the discriminatory auction, the corresponding profit expressions are

pd�
i ¼ P

Zkþ=DðpÞ

k�=DðpÞ

k�

hDðpÞ ½hDðpÞ � k��dhþ
ZK=DðpÞ

kþ=DðpÞ

k�

kþ
½hD ðpÞ � k��dhþ

Z1

K=DðpÞ

k�dh

8><
>:

9>=
>;� ck�;

pdþ
i ¼ P

ZK=DðpÞ

k�=DðpÞ

½hD ðpÞ � k��dhþ
Z1

K=DðpÞ

kþdh

8><
>:

9>=
>;� ckþ:

Under the linear demand specification D(p)¼1 � cp, profits may be written as

pd�
i ¼ ðP � cÞk� � P

1� pc
k�ð Þ3

2kþ
þ k�ð Þ2þ k�ð Þ2ln

kþ

k�

" #
;

pdþ
i ¼ ðP � cÞkþ � P

1� pc
ð2k� þ kþÞkþ

2
;

so that the break-even constraint under the linear demand specification becomes:

�2cp2 þ ð2Pcþ 2� K Þp þ P K þ k�ð Þ2

kþ
� 2þ 2 k�ð Þ2

K
ln

kþ

k�

" #
¼ 0

which has only one admissible solution given by

p ¼ 1

4c
X �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X 2 þ 8cY

p� �
where

X ¼ 2 Pcþ 2� K > 0 and Y ¼ P K þ k�ð Þ2

kþ
� 2þ 2

k�ð Þ2

K
ln

kþ

k�

" #
:

We find

dp

dk�
¼ � 1

4c
1� X � 4cðdY Þ=ðdk�Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X 2 þ 8Y c
p

" #
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X 2 þ 8cY
p p � dY

dk�

� �
< 0;

dp

dkþ
¼ � 1

4c
1� X � 4cðdY Þ=ðdkþÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X 2 þ 8Y c
p

" #
¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X 2 þ 8cY

p p � dY

dkþ

� �
;

where

dY

dk�
¼P 1þ 2

k�ð Þ2

Kkþ
þ 2k�

k� þ 2kþ

K 2
ln

kþ

k�

" #
> P ;

dY

dkþ
¼ P 1� k�

kþ

� �2

þ 2
kþ

K

k�

kþ

� �2

�2
k�

K

� �2

ln
kþ

k�

" #
:

The sign of �p þ @Y/@kþ depends on the values of k� and kþ; a sufficient condition for dY/
dkþ> P is kþ< ek�, in which case dp=dkþ < 0 follows.
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