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Appendix A. The Existence and Uniqueness of the Equilibrium

Let us rewrite (15) as follows:

/3(1—/ Zu/ #)ldx = £(0).

First, let us note that f{0) is a continuous function, as it is the sum and the product of continuous
functions. Secondly, let us notice that limy ,.q(0) = 0. If {0) > [¢/f(1—7y)], then there is at least
one equlhbnum As RY < b,Yi, a sufficient condition for the existence of equilibrium is:

j o [1— G(x)]dx > [¢/ ﬁ(l — 9)]. Considering an uniform distribution for G(x), it is possible to derive
an exphat condition ensuring the existence of the equilibrium characterised in Proposition 1:
1

S (L= 0761 =) > ¢

On the other hand, it is not possible to show an explicit condition under which this equilib-
rium would be unique. Equation (15) can be rewritten as follows: W(0) = (1—y)pT(0
with W(0)=[¢/q(0)] and T(0) = 217 (w;/ u) jRO [1 — G(x)]dx. It is straightforward that ¥ > O
The equilibrium is then unique if the function T is continuously decreasing:

(0 (0
a0 [(R:'u):(fxt a0 u;=Cst
—_— —
A(?) B=0
with I(R},) = fRo 1 — G(x)]dx.

First, let us note that in MP we have A = 0 so that the condition I''(0) < 0 is always satisfied.
Indeed, this first term of the derivative of I' represents the impact of a variation in 0 on the
unemployment rates by age: because in MP the agents are homogeneous, this term, related to the
non-segmented search, does not exist. In our framework, A # 0, and it is no longer possible to
show that the equilibrium is unique for an arbitrary value of 7.

Appendix B. The Complete Model with Persistence

We present the model in the general case where idiosyncratic shocks are persistent. At each age,
we then assume that a new productivity € is drawn in the distribution G(e) with a probability
A < 1. To derive the results without any persistence, 2 = 1 must be considered in all equations.



B.1. The Value Functions of the Agents

The value functions for an occupied firm, Ji(¢), a worker, Wi(e), a new firm, ]Z-O(e), a new em-
ployed worker, W (e) and an unemployed worker are respectively given by:

1
e = e~ (o) + ﬁ{i [ B 046) = 26(Re) o + (1 = 2y () —Fm]},
Wi(e) = wi(e) — t; + ﬁ{fl/R Wir1(x)dG(x) + (1 — 2) max[ W1 (€); U] + 2G(Riy1) Upsa }a
1
Je) = e —uf(e) + 5{2 | B 86() = 2GR + (1= ) ma] o e —m}
1
WO() = u(e) — i+ ﬁ{i [ Wiar (G + (1= 2 max{ Wi (s U] + 4G(Re) U }

1
Ui=b—1t+ ﬁ{pw) [ WEAWAG() + pO) G ) Ui + 11 = 0] U}

The productivity thresholds are defined by:
JiR) = =F; and J)(R)) = H,.

B.2. Wage Equations under a Two-tier Structure

The sharing rules can be written as:

—7H; — (1= )i = p[J(e) + Wi(e)] = Wi(e), (B.1)

1

—pF = (1 = p)U;i = y[Jie) + Wile)] = Wie). (B.2)
From the value functions, it turns out that:
1
3+ (0 ==t (2 [ [a(s) + Wi (a6

(1 = A{max] Josr (€)s —Fir] + max[ Wiy (x); U]}

+AG(Ri11) U1 — ;LG(&+1)E+1)~
Using the sharing rules, we deduce that:

i) + Wi(e)] = Wile) = ye — wi(e) + (1 = p)ti = 2yG(Ri1) BFiny
— (1 =9)2BUis1 — yA[l — G(Riy1)]pFiy
+9B(1 — 2) max[fi1(e); —Fii1]
= (1 =p)B(1 — 2) max[Wi(€); U]
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We then obtain the following wage equations:

wi(e) = ye + (1 = p)ti + (1 = y)[U; — U] + y(F; — BFiy1)
+ 7B — Z) max[ Jis1(€) + Fit1; 0] — (1 — p) (1 — 4) max[Wii1(€) — Ui 0].

Because we also have 7[ Ji1(€)+F1] = (1=9) [ Wis1 (€)= Uy, and, as max[ fi1(€)+F51:0] =
Jir1(e)+Fy, then max[ Wi (€)= U 1;0] = Wiy (€)= Uy, we finally obtain:

wi(€) = y(e+ F; — Plia) + (1 =) (Ui — BU)
=y(e+ F — BFiy1 + clt;) + (1 = )b,

given that

U=b—t+ ﬂ{P(H) / (W (%) = Uir]dG(x) + U}

R,
! 0
1 [ Jawac
:b—ti—i-liyc(? ol I +pUiy.
S /) [ (9460
i1

Ti
We can also show, using the same computational method, that:

w) (€) =)(e + H; — BFip1 + c07;) + (1 — 7).

B.3. The Firm’s Value

Given the solution for the wage, and the free entry condition (V= 0), the firm values are,
Vie [1,T-1]:

1
JO = (1= )e=0) =18 = BEan) = 3008 | | 1% (3) + HialdGl)

e—wj(€)

1
" ﬁ{—ﬂ»cmlmﬂ 4 [ a6 + (1= 2 maxl (0 me]}, (B.3)

1
J (&) =(1=7)(e = &) = y(Hi = BFy1) = yp(0)p /R L LI + Hia]dG(x)

e—u?(e)
1
+ ﬁ{—m(m)ml [ (966 + (1 = A max] () %1]}. (B.4)

We deduce that:

T2 (&) = Jile) +(F; — Hi).
From (B.3) and (B.4), the reservation productivity, defined by [i(R;) = —F, is given by:
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1
=1 =p)(R = b) —y(F; — BFi1) — yp(0)p /R0 [J21(x) + Hiq]dG(x)

1
+ ﬁ{ G(Riz1)Fipa + 2 Jir1(2)dG(x) 4 (1 — A) max[Jiy1 (R;); —Fi+l]}a (B.5)

Ris1

and the reservation productivity for a new job, defined by J°(R?) = —H,, is given by:

—(1 = )(R” = B) — y(H; — fFir) — 1p(0) / L0 () + HidG(x)

+ ﬂ{ficmﬂnm i / Jir(9AG() + (1= 2yl fa (R ~Fial | (B:6)
Rt
From (B.5) and (B.6), we easily deduce that:
R’ =R +F — H,.

Using these first results, it is possible to express the value function as a function of the
productivity reservation. Taking the difference between (B.3) and (B.5) gives

Ji&) =(1 = )(e = R) — F + B(L = A{max] Jos1 (€); —Fir] - max] it (R): ~Fia]}.

The solution to this equation depends on the age-pattern of the productivity thresholds,
except for 2 = 1. The strategy in the general case 2 < 1 is to postulate a monotonic age-pattern
and then to verify that the solution for the reservation productivity is consistent with the initial
guess.

(2) Assuming R; > Ry, then [ 1(R) > —F; and [, ,(¢) > —F_ ;. We deduce that:

Jile) = (L =y)(e = Ri) = F; + B(1 = )] Jixa(e) = Jin1 (Ri)],

T—i—1
& Ji(e) = F+1y[2ﬁ71A} R)).

j=0

(22) Assuming R; < Ry, then [ (R;) < —F; . This implies that:

Jile) = (1 =p)(e = R) — F; + p(1 — A)Fiy1 + B(1 — 2) max[ Ji1(€); —Fin].
Because the existing productivity level € can be in the interval | R;,R;; [, we have two subcases:
(@) ife < Ry, then Ji1(e) < —Fy, and max[ Ji;(€);—F 1] = —F;;,, implying that:

Jile) =1 =y)(e - R) — I,
(0) if € > Ry, then Ji1(e) > —F,, implying that:

Jile) = (L =y)(e = Ri) = F; + B(1 = A)Fix + B(L = 4)Jis1(e).

By backward induction, we obtain:

T—i-1
Jile) = —F +( I—V{Z B(1 — 2y max[e — Riyj; ]}

j=0

The value function can be rewritten as follows:
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Jile) = —F, + J(¢) with J(e) = {T((e E{Ry)}y 1) ig; i ?i _ (B.7)

Let us note that we have simply Ji(e) = —F, + (1—y) (e—R;) if A = 1 whatever the shape of the
reservation productivity sequence (R; 2 R;;q).

B.4. The Reservation Productivity

Using the general expression ((B.7)) of the value function for an occupied job, the reservation
productivity is the solution to:

—F = (1 =y)(Ri — b) = y(Fi = Fin1)
1

—p(0)B [=Fir1 + T(€) +7(Fie1 — Hip1) + Hit1]dG(x)
Riyi+Fbi—Hin

1
n ﬂ{ ~HG(R) B 2 [ B + TG,

+1
1= ) max] i (R)s R
Hereafter, we assume that H; = F;.

o If R, < R;;1, we have max[ Ji1(R);—F1] = —F;4, and then:

T—i—1 _
Ri=b—F+ BFy — [2—p(0)] > B(1—=2)VI(Riy)), (B.8)
J=0
where I(R;.;) fR x — Riyj)dG(x fR [1 - G(x)]d(x) > 0 with I'(R;;;) < 0.

o If R, > Ry, max[ Jii1(R);—F1] = Ji1(R). The solution of the value function leads to:

T—i—2
],'+1(R,')——F+1_y|:Zﬁl1_/1:|R1_&+l)'
We then deduce that

R, =b—F,+ BF1 — [A— yp(0)]BP(i + 1)I(Ris1)
+ (1= A)BP(i+ 1)(Ri — Rit1), (B.9)

where P(i+1) = 2]7:01'72 P - )“)j~

B.5. The Dynamic of the Reservation Productivity: Proofs of Propositions 12, 13, and 14

We determine the restrictions under which the reservation productivity increases or decreases
with the worker’s age. We assume that H; = F, = F, Vi, implying that R; = R!.
B.5.1 Proofs of Propositions 12 and 13: the case without employment protection I; = H; = 0

e When the conjecture is R; < R;,;, the sequence of the reservation productivity is given by
(B.8). The restriction Ry 9 < Ry issatisfied if 4 > yp(0). We deduce thatif R;,; < R,
then I(R;;1) > I(R;;9) because I'(x) < 0. In this case,
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Ry — R =—[/— /l’(())m [I(Ri+2) - I(E‘HH +p(1 = 4) (Riyo — Rit1) -

- +

The condition 4 > yp(0) is sufficient to ensure that R;;1 > R,
e When the conjecture is R; > R; 1, the sequence of the reservation productivity is given by
(B.9). Then Ry_s > Ry if 4 < yp(0). Using backward iterations, we obtain:

(L4 B = DP(i+ V(B — Rior) = [1p(0) — ABIPG+ DI(Resr) — P + DI(Reo)]
B = PG+ 2) (Rt — Rusa)

LH; 1

Unambiguously, we have LH;;; > 0 because from the previous iteration we have
Ry — Rio > 0. I(Riy1) < I(Ri9): the strictness of the selection process is more important for
the younger workers. On the other hand, P(i4+1) > P(i+2) due to the horizon effect. As these
two effects go in opposite directions, the sign of SS;;, is indeterminate.

As the condition 4 < yp(0) must hold at the first iteration, we deduce that SS;;.; > 0 is a
sufficient condition to ensure that R; > R;, .

B.5.2 Proof of the Proposition 14: the case with constant employment protection F'= H, Vi
When the Conjecture is R, < Rl+1, using (B 8) R, o < Rp 1 if F< [A— y[)(O )1 [l 1—G(x) 1dx.
We then define F(1) = [1 — yp(0 ]jh ) G(x)]dx, implying that dF/d. > 0.

Appendix C. The Efficient Allocation

The problem of the planner is to determine the optimal allocation of any worker between the
production and the search sectors (R}) and the optimal investment in the search sector (6%). For
any 4 < 1, the per-unemployed worker value in the search sector and the per-employed worker
value in the goods sector are respectively given by:

1
Y =b— 0"+ [3{[2(9*) /0 max[Yii1(x); Y;1]dG(x) + [1 — p(07)] 1+1} (C.1)

1) =+ Bl [ max(Via (9 2 JG0) + (1= AV | (€2)

where «0"=c(v"/ u”) represents the total cost of vacancies (¢v*) per unemployed worker («*). The
planner’s decisions R}, Vi and 0" are solutions to:

Yi(RY) = Y}
0" = Sup(3_; w; Y7").

C.1. The Efficient Allocation in an Fconomy Without Persistence: Proof of Proposition 6

The optimal choice for 0 is such that:

1
S u =t = fOBY /R Si1 (x)AG(x). (C.3)

Given that 0¢(0) = p(0) and
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p0 = q0)[1+0%3] a0 -,

(C.3) can be rewritten as follows:

=B / S (9460

The optimal reservation productivity at age i can be deduced from Y;(R}) = Y < S;(R;) = 0:

1
0=R —b+c0" +[1—p(0)]B [ Si1(x)dG(x).

R,

Since Sj(e) = € — R}, we have fR* Sia( = fR* €— R ,)dG(x fR* — G(x)]dx.
We then deduce (23) and (24). v o

C.2. The Efficient Allocation in an Economy with Persistence: Proof of Proposition 15

The optimal choice for 0* does not depend directly on the persistence: the first order condition
(C.3) holds for any 2 < 1. On the other hand, the persistence changes the value of an occupied
job. When Z < 1, the planner’s surplus is:

Si(6) = €= R + (1= 2)p{max[Sys1 () 0] — max[Ss1 (RY): 0]},
o If RY > R, then we have ¢ > R > R",. The surplus is:
T—i—-1
[Z B =2y |(e= R) = Pi)(e— K))

e If RF < R, then the surplus is

T—i-1

Si(e) =Y (1= iy p max(e - Ry, ;;0).

=0

The reservation productivity R; of the efficient allocation then differs according to the age-
profile that is assumed:

o If RF < Rl+1 , the reservation productivity is defined by:
T—i-2
R =b— 0" —[A— p(0")] ﬂ/ [ (1 — 2 p/ max(x — R}, ;,1;0) [dG(x). (C.4)
J=0

e If RY > R, the reservation productivity is defined by:
1
Ri=b—c0 —[—p0)p [ Pli+1)(x— R, )dG(x)

*
Rt+l

— (1 =2)BP(i+1)(R — R,,). (C.5)

In order to have an interior solution in each case, we assume that b > ¢0".
o If RY < R, we have at the first step of the backward iteration:
1

Riy = Riy =~ = pl0")] | max(x— Ry ;:0)dG(x).
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The condition 4 > p(0) is sufficient to ensure that Rj_, < Rj_,. In the following iterations, we
have:

Ry — RE = —[A—p(0")]B [I(Rs) — I(R.))| +B(1 = ) (Riy — RY,y) -
- +

The restriction 4 > p(0%) is sufficient to ensure that the age-increasing dynamics is internally
consistent.

e If Rf > R, we have at the first step of the backward iteration:
1
(Ryy = By 1+ (L= )] = == ()8 [ max(s = Ry 04l

We deduce that the restriction A < p(0%) is sufficient to ensure that Rj_, < Rj_,. In the
following backward iterations, we obtain:
[+ B(1 = PG+ DR = Ry) = [p(07) = AB[PG+ DI(R,,) — PG+ 2)I(R,,)]
887

+ B = )P(i+2)(R,, — Ria)’,

LH*., . (+)

i,i+1

/. < p(07) is no longer a sufficient condition to ensure that the R! are monotonously decreasing.

Adding the condition SS7; ; > 0, Vi is sufficient to ensure that R > Rf ;.

C.3. Optimal Age-dependent Employment Protection: Proof of Proposition 16

Comparing on the one hand (C.4) with (B.9) and on the other hand (C.5) with (B.8), it is
straightforward to show that F; — fF; = ¢0"(t} — 1), VA < 1 with

[ st

* i+1
T

1

S (ut /) / Sis1(x)dG(x)

-

i1

o If Rf < R, as

3

1

(RZLRZ‘):MM@)]I?U Si1(x)dG(x) — / Siva(x)dG(x)

+ +
Rz+1 Rl +2

)

* *
then 7j > 17, ;.

o If R > R;

" 1, the sign of

1 1
/1* Siv1(x)dG(x) — /1 Sivo(x)dG(x) = [P(i + DI(R],,) — P(i +2)I(R],,)],

is indeterminate. Proposition 15 shows that a sufficient condition for R; > R;;, is that the sign of

this expression is positive, which implies that 7} > 17, V..
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