m E C O l | | 2‘ 3‘ 9‘ 9 B Dispatch: 16.9.10 Journal: ECQY | CE: Vinoth Kumar
(¥ )

Journal Name Manuscript No. Author Received: No. of pages: 7 | PE: Farhath

The Economic Journal, Doi: 10.1111/j.1468-0297.2010.02399.x. © 2010 The Author(s). The Economic Journal © 2010 Royal Economic Society.
Published by Blackwell Publishing, 9600 Garsington Road, Oxford OX4 2DQ, UK and 350 Main Street, Malden, MA 02148, USA.

Technical Appendix to
FISCAL POLICY IN A TRACTABLE LIQUIDITY-
CONSTRAINED ECONOMY

Edouard Challe and Xavier Ragot

EconoMIC JOURNAL, doi: 10.1111/j.1468-0297.2010.02399.x

Appendix A. Liquidity-constrained Workers
A.1. Proof of Proposition 1

If fluctuations around the steady state are sufficiently small, then C1 and C2hold in every period
provided that they hold in the steady state. The condition B 4 6 > 0 implies that either B > 0
or d > 0 or both, and hence that ¢” > 0 from equation (23); thus, conjecture C2 holds provided
that B + 6 > 0. What is left to establish is that conjecture C1 holds in the steady state provided
that conditions (i)—(7v) in the proposition are satisfied. We proceed in two steps. First we show
that R < 1 if and only if B + ff6 < X (step 1). Second, we show that C1 holds whenever fR < 1
and conditions (¢)—(é) are satisfied (step 2).

Step 1. To prove that Rf < 1 if and only if B < X — fJ, we show that B(R) is a continuous,
strictly increasing function of R over the appropriate interval and that B(1/f) = X — 6 [so that
B(R) < £ — 0 & R < 1/f]. First, let us rewrite the steady-state counterpart of (17) as follows:

d () = [(BR) = n]/(1 =), (A1)

By assumption G = 0, implying that 7'= B(R — 1). Thus, after some manipulations the steady-
state counterpart of (26) can be written as:

B=B(R) — /R = B(R), (A.2)
where
; JR 1-Q | (BR) T =7
B(R) = {m} ! 1_7}

The term —6/R in (A.2) is strictly increasing in R when 6 > 0. Moreover, we have:

(ﬂm‘—ne}% 1-0 } 9 (/m)'—ne] (A.3)
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B(R) = 1+rQR-1]

Equation (A.1) implies that u'[¢"(R)] = [(BR) '=n°1/ (1=, so the Au’~'(.) /DR term above
is:
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After rearranging, this allows us to rewrite (A.3) as follows:
5 —(1 —Q)Qc™ { 1-Q ] o —R7? y 1
!/ =
B(R) ~ i ar-np  1+oR-1)] 0 =mp  w(e
_ (1= 9)Qu(c™) { cu’(e¢") 1+ QR-1)] }
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U0 [y 140D
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The term inside the pair of large brackets must be negative for é’(R) to be positive. Since
a(¢) < 1 by assumption, a sufficient condition for this is [1 + Q(R— 1)]/(1 — nSRIQR > 1,

which is always true. Thus, B B(R) is continuous and strictly increasing in over (0, 1/f7“) and, from
the definition of B(R), we have the boundaries:

5 e(1 _ /—1
i, () = = 0), i = PO

(< 00).

This in turn implies that B(R) in (A.2) is continuous and strictly increasing in R.
- When ¢ = 0, we have that B(R) = B(R), and the inequality B(R) < X is recovered by evaluating
B(R) at R=1/f. When & >0, the maximum possible value of R is still 1/fz°, with
limp_1/pz B(R) = hmRﬂl/ﬁan( ). The lowest possible value of R, denoted Ry, corresponds to
the point at which B(R,;,) = 0. Hence, from (A.2), Ry, is the (unique) solution to B( ) =0/R,
and by construction we have that limg_, B(R) = 0. Again, the equivalence between SR < 1

and B+ pé < X follows from the increasingness of the B(R) function and its evaluation at
= 1/f. (Note also that R,;, < 1/f since B(l/ﬁ) > 6 under condition v in the proposition.)

Step 2. We must now show that SR < 1 is a sufficient condition for conjecture C1 to hold when
conditions (7)—(#i) in the proposition also hold. For C1 to hold, both eu and uu workers must be
borrowing-constrained in the steady state, so that we must have:

w (™) > BR(L — 7)ol (¢") + PR ("), (A4)

W (e™) > BR(1 = m")od (¢") + PR ("), (A5)

with u/(¢") =1 [see equation (16)]. The right-hand side of (A.4) and (A.5) are the expected
marginal utility of future consumption for an unemployed worker, which in our conjectured
equilibrium is the same whether the worker is ex or uu. Hence, there are two cases to consider. If
¢ > ¢, then o/ (¢") < u/(¢™) and (A.5) is a sufficient for (A.4)—(A.5) to hold; on the contrary,
if ¢ > ¢, then u/(¢™) < u'(¢™) and (A.4) is a sufficient condition for (A.4)—(A.5) to hold.
Case 1. Assume that ¢ > ¢, so that (A.5) is the relevant sufficient condition. The inequality
holds for 7" — 1 whenever SR < 1. Then, since u’(c"") > u/(c") (because ¢"* < ¢’, otherwise the
employed would be constrained), it follows that the inequality holds for all z* € [0, 1).

eu un

Case 2. Assume that ¢ > ¢
may rewrite (A.4) as follows:
1—pn‘R— (1 —n")B*R?
(- )R
The fact that SR < 1 ensures that the left hand side of this inequality is positive, while ¢ < ¢’

implies the right hand side also is. Thus, the inequality holds provided that 7" is sufficiently small
[condition () in Proposition 1].

, so that (A.4) is the relevant sufficient condition. Using (A.1), we

> ' (¢™) — ' ()]
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Maximum public debt—output ratio. Note that the condition according to which B< X — f
can be expressed equivalently as a condition on the maximum level of the steady-state public
debt-output ratio, B/Y, consistent with the liquidity-constrained equilibrium. Using (28), (22),
the fact that 7= B(R — 1) and the definitions of ¥ and Y in Section 2.3, we find that the output—
public debt ratio can be expressed as follows:

Y 1 Q6

E—Q-FE(\P-F?) + YR.

Recall that Rincreases with B, so the second term in the right-hand side of the latter equation
falls with B while the third term rises with B. However, as % becomes small [condition (#) in the
proposition], YR becomes small relative to (¥ + Q3/R)B~", thus the second term determines
how B affects Y/B. This implies that the public debt—output ratio B/Y rises with B, so that we
can find the maximum value of B/Y consistent with our limited-heterogeneity equilibrium by
evaluating B/Y at R = 1/f. After some rearrangements, we obtain:

(B> B (QZ+‘I’+Y>1
Yoy \E-=08  B)

A.2. Dynamics and stability

We use hatted variables to denote level-deviations from steady state (i.e. Xt = X; — X). First,
substitute (9)—(10) into the linearised versions of (8) and (26) to obtain:

A R

_ P2 e\, ( e . N
Ry = TP TN 4y Q) (Ban) ~ 06— Q417 — (1 - 7Yl (Yo (Revr). (A7)

where, from (Al) to (A2),

Ceu _ -1

1—mn° 1-Q

(BR) ' = n”)} _(B+/RN+Q(R-1)]

Equations (A.6)—(A.7) define a two-dimensional backward/forward dynamic system, with
sequences of unknowns {B;};°, and {R;}°, and forcing sequences {G,}°, and {77}°,. The
solution to this system takes the form of a VAR whose coefficients can be recovered by
the method of undetermined coefficients. More specifically, let X, = [B, R,]' and 7 =[G, T¢].
Leading (A.6) one period, taking expectations and substituting (10) and (A.7) into the re-
sulting equation, we can express the dynamics of the model in matrix form as X, =
ME,(X,,1) + NZ, where M and N are conformable matrices whose coefficients are functions of
the deep parameters of the model. There are two cases to consider, depending on whether
60=0o0rd>0.

Case 1. When 6 = 0, M is singular, implying that the solution dynamics of the model is
univariate. To see why this is the case, let us rewrite (A.7) as follows, making use of (A.1)-(A.2)
and the definition of p in (33):

(p/B)E[(14+Q¢)Biy1 — G — QT}] = R.. (A.8)

Leading (A.3) one period and taking expectations, solving (A.5) for E(Bi41), and then
equating the two expressions, we obtain:
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Now, lagging the latter equation one period, solving it for R, and substituting the resulting
expression into (A.3), one finds equation (32) with coefficients:

R _ L veve(1—Q)  ypr(1 - Q)
T+ p+e0) " THe Ri+9) T RO+ )

where R is uniquely defined by B (see Appendix A.1).

The sign of y is related to the stationarity requirement that [y| < 1. In the case where y > 0,
then a necessary and sufficient condition for stationarity is (33) in the body of the paper, given
that 1 — pQ > 0. Does a stationary path for B, exist consistent with the case where y < 02 If y < 0,
the necessary and sufficient condition for stationarity becomes ¢ < (=1 — R+ p)/(1 — Qp),
but the right-hand side of this inequality is negative. Since this is inconsistent with ¢ > 0, it must
be the case that (33) holds, which in turn implies that y > 0. By implication v < 0, and obviously
u > 0and v > 0since ¢ > 0. Finally, with y > 0 and 1 — pQ > 0 we have Jy/0¢ < 0.

’y:

Case 2. When 6 > 0, M is invertible and the solution dynamics are bivariate. First, rewrite the
forward-looking dynamics X, = MFE,(X,;,) + NZ, as follows:

E(Xp1) = M7'X, — M7'NZ,. (A.9)

We know from the literature on expectational linear systems (e.g. Uhlig, 2001) that the
solution to (A.9) has the following VAR representation:

X, =MX, |+ N7, (A.10)

where M and N are matrices to be determined. Leading (A.10) one period, taking expectations
and using (A.9) enables us to fully identify Mand N. We may then verify numerically that for the
parameter configurations considered when running impulse-response functions ¢ is sufficiently
large for {X,};-, to remain stationary.

A.3. Imperfectly elastic labour supply

For simplicity we assume here that 6 = 0, but nothing peculiar hinges on this assumption. With
imperfectly inelastic labour supply, asset accumulation is gradual, and not all working agents end
the period with the same asset wealth. We denote by ¢, and 4/ the end-of-period asset wealth of
ue and ee workers, respectively, and by ¢/ and that ¢ the correspondmg individual consumption
levels. By assumption, all ee workers pool their asset wealth at the beginning of the period, so any
ee worker turns out starting the period with individual asset (w”afﬁ +w“a) /(0 + w™) -
there are n‘w” and n’@w" workers entering date ¢ with wealth &/, and a“;, respectively, and the
total number of ee workers is w” = 7°(w” + ®*).

Since 0”/(@” + »") = n°and 0"/ (0” + ©"’) = 1—n°, we may rewrite the budget constraint
of an ee worker as follows:

ee: ¢ +af =[naqf +(1—n)a R+ 17— T, (A.11)
Since eu workers hold end-of-period wealth level ¢/, their budget constraint is:
ue: ¢ +a =1"—T,. (A.12)

Note that workers who fall into unemployment at date ¢ can now be of two different types,
depending on their asset holdings at the end of date ¢ — 1 with (i.e. ¢, or ¢ 1) which in
turn depends on their labour statuses at dates ¢ — 1 and ¢ — 2. These two types (i.e. ‘eeu workers’
and ‘ueu workers’) have the following budget constraints:
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eew: " =a R — T, weu:c¢" =a R_1—1T,.

Finally, the budget constraint of wu workers is unchanged (i.e. uu: ¢ =k — T;).

The optimal asset demand and labour supply decisions of employed workers are as follows: ee
workers, who end the current period with wealth ¢, remain employed with 7°, in which case they
remain of the ee type, or fall into unemployment, in which case they become of the eeu type.
Similarly, ue workers stay employed and become ee or fall into unemployment and become wueu.
Hence the optimal asset demand and labour supply decisions of ee and ue workers must satisfy:

ee 1l (cf) = pr° R (%) + B(1 — n)ReEul (1), ' (eff) = o/ (1),
ue s w/(¢) = PRl (cfy) + B = 72 )REL (), () = o/ (§).

Finally, the bond market clearing condition must be modified to account for the fact that
a’ # a whenever v'(I) # 1. It is now given by o“a/ + v a = B,.

Note that when labour supply becomes perfectly elastic [i.e. v/({) =1 V[ as in our baseline
utility function], the intratemporal optimality conditions for ¢e and wue workers give u'(¢*) =
() =1, so that ¢ = ¢ = «'~}(1) = ¢. Then, their intertemporal optimality conditions,
combined with the budget constraints of eeu and weu workers, give

1 =pnR + B(1 — n)REA ()R — Tr1), s=u,e,

so that a; = @ = af and ¢ = ¢

baseline model as a special case.

= ¢;". Hence the economy with partial risk sharing nests our

Appendix B. Liquidity-constrained Entrepreneurs
B.1. Proof of Proposition 2

We must first derive the dynamic system characterising the entrepreneurial equilibrium under
the joint conjecture that entrepreneurs are always borrowing-constrained while employed
households never are, and then derive from the steady-state relations the range of debt levels
compatible with this joint conjecture. Equations (38) and (40) give:

= (), d = B B (B.1)
Substituting (B.1) into (43), the goods-market equilibrium can be written as:
W ) 4 (L= 0 By B )]+ (2 - 0)Go= (101 (B2)
Substituting (8), (41) and (B.1) into the budget constraint of fhouseholds, (36), gives:

S[1+(1—0)R]

W Bw, wl+1)]+w,l, Q2-0)(B,—G+TT)+ 7
1

(B.3)

Finally, substituting (B.1) into (39), the Euler equations for employed households is:
= BRAOE () + (1= OB B (w2 )]} (B.4)

Since shocks are small by assumption, the dynamic system just derived is an equilibrium if, in
the steady state, all employed households hold positive assets at the end of the current period
[which, from (23), is ensured by B > 0] and entrepreneurs are always borrowing-constrained,
that is, @/ (¢/) > BRu/(¢°). From (B.1), this latter condition is equivalent to wR < 1. Now, the
steady state counterpart of (B.4) gives:

w=p*1-0)R/(1— pOR), (B.5)

so that w/JR > 0. Substituting (B.5) into the inequality wR < 1, we find that entrepreneurs are
borrowing-constrained if and only if R < 1/f.
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We may now compute B**, the unique upper debt level ensuring that R € (0,1/f) whenever
B € (0, B**). First, use the facts that G = 0 and 7= B(R — 1) to write the steady-state counter-
parts of (B.2) and (B.3) as follows:

Equating the two, using (B.5) and rearranging, we can write steady-state public debt as:

B(R) = i OO [w ) W (o) () b
B(R)_(I/R-Q-l—()){l—ﬁ()}{} [(1—0)w+ » + e -2 (B.6)

where w is itself a function of R [see (B.5)]. The term —J/Rin (B.6) is continuously increasing
in R over (0,00). The terms inside the first two pairs of large brackets in (B.6), as well as w in
(B.5), are all continuously increasing in Rover [0,1/0f). Hence, if the term inside the third pair
of large brackets is non-decreasing in w, then B(R) will be continuous and increasing in R over
(0,1/0p); we now show that this is the case provided that ¢(¢) < 1 for all ¢. By making use of
(B.1), we can compute the following derivatives:

-5 ) AU Sl

Ow w ~w? |o(2) w w w?

w-

All three are non-negative if ¢(¢) < 1, implying that B(R) is continuously increasing over (0, 1/
0p). With 6 > 0, the lower bound for R consistent with B > 0 is Ry, that solves E(R) =0, and by
construction we have that limp_ 5 B(R) = 0 and Ry, < 1/f. Moreover, equation (B.6) implies
that limp_ /9 B(R) = co. Thus, we may compute the joint condition on (B, d) stated in Propo-
sition 2 by evaluating B(R) at R=1/f.

As in the model with liquidity-constrained households, one may also compute the equivalent
maximum steady-state public debt—output ratio consistent with the bindingness of the borrowing
constraint by evaluating steady-state output Yat R = 1/. At R= 1/, we have w = f§ [see (B.5)]
and hence & = ¢ = «/~}(f7!) [see (B.1)]. In this situation, the market clearing condition (43)
gives Y= o'~ '(f~") and an upper value for the ratio of:

B R B
(?)Rw—/Hle“Lﬁ'

B.2. Dynamics and Stability

The dynamic system characterising the behaviour of the entrepreneurial model is derived as
follows. First, substitute the linear counterparts of (9) and (B.1) and into the linearised versions
of (8) and (B.2)—(B.4). The latter equations then form a four-dimensional expectational dynamic
system with forcing terms G, and 7} and vector of unknowns:

X=[B I/ R w]

This system can be solved numerically for its auto-regressive representation using standard
methods once values have been assigned to all deep parameters of the model and to the target
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debt level B. [Here again the latter is chosen so as to generates a steady state value of R of 1.01,
but equation (B.6) rather than (A.2), is used.] Finally, total private consumption is
CG=01-I)e+ T/, with ¢/ and ¢/ given by (B.1), and aggregate output is ¥, = l"l[f_l. For our
baseline parameters, the stationarity requirement is ¢ > @i, ~ 0.134.

B.3. Long Projects

Let us here assume that 6 = 0 and that all parameters apart from the length of projects are at
their baseline value. For any value of 7, there are ¢e entrepreneurs and fe entrepreneurs in the
economy, with budget constraints (34)—(35) and optimal labour supply and asset demand
choices characterised by (38)—(39). However, values of 7 higher than one imply that there are
several types of entrepreneurs running a project, as many as the number of periods that a project
lasts. For the sake of conciseness we only show how to construct the equilibrium when t = 2 here,
but the approach can be applied straightforwardly to higher values of 7.

With two-period projects there are two types of active entrepreneurs, those who are currently
starting a project and those who did so in the previous period. Let us call the former
‘fentrepreneurs’ (by analogy with the 1 = 1 case) and the latter ‘ffentrepreneurs’. Under C1-C2,
their budget constraints are as follows:

fodd vwll =@ R —T, [ +wt! =, —T,.

In short, these two equations indicate that entrepreneurs who meet a project opportunity
entirely liquidate their asset wealth to invest in it, and will be using the implied output to re-invest
in the project (and consume) in the next period; we may then check numerically that when B is
sufficiently small, then w,R, < 1, so that these entrepreneurs would like to borrow rather hold
positive assets at the end of every period (that is, the economy is liquidity-constrained). There
are now two optimal labour demand conditions [rather than the unique condition (40) in the
one-stage case], depending on the stage of the project:

wtu’(c,f) = ﬂE,u’(cﬁ ), wtu'(ctff) = PEA(E),,).

1+1

Finally, given that entrepreneurs not running a project will meet a project opportunity with
probability 0 in the next period and, in this case, run their project for exactly two periods, the
(asymptotic) shares of each type of entrepreneur in the economy are:

ol =@/ =l =(1-0)/(8-20), & =0/(3-20),

while the total number of entrepreneurs running a project is @/ + @/ = 2(1 — 0)/(3 — 20) here.
Total output at date ¢ results from the labour inputs of the two types of active entrepreneurs in
the previous period, cbfl,f_1 + (Z)fflffl. Hence, the model is closed once the following market-
clearing conditions are imposed in bonds and goods markets:

1-a&' —alya = B,
A—a —ahe+ald +ald +c=altl |, +ali’,.
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