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Proof of Proposition 1. It follows immediately from (4) together with the corresponding
optimality condition for agent 2 and the definition of /.

Proof of Proposition 2. Using Proposition 1, together with the agents’ constraints, we can
write agent 1s first order conditions (3) and (4) and the corresponding conditions for agent
2 as a linear system of best responses in ¢; and x;, for ¢ = 1,2. The unique solution to this
linear system is given by
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It is easy to verify that
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This concludes the proof.

Proof of Proposition 3. To prove the second part of the Proposition, let
Ui(41, A2) =log(c;) + Plog(c}), where ¢; and ¢} are given by (18) and (20), for i = 1,2.
Straightforward but tedious manipulation shows that
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Since ¥ is decreasing, it follows that each agent’s best response to any choice of tech-
nology by the other agent is to adopt either A’ or A” . Furthermore, noting that p > 1/2,
from (22) and the fact that

AN Bm42(1 + m)
") - =

it follows that 0Us(A", A")/0As < 0. Hence a small deviation from {A, A3} = {AM, A} by
agent 2 is always profitable. This proves the second part of the Proposition.
To prove the first part of the Proposition, note that k = pY — ¢ — % and ks =

(1 = p)Y— o — x, and let
1 o\ m/(1+m)
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Using (18) and (19), one can verify after tedious manipulation that xo + ¢o < (1—p)Yif
and only if (1 —p)/p > ®(As/A;). By symmetry, x + ¢ < pY if and only if
p/ (1—=p) > P(A;/As). Noting that ® > 0, that lim,,, ;P < 1 and that each agent’s best
response is to adopt either the best or the worst feasible technology, the first part of the
proposition follows.

Proof of Proposition 4. Let U;(41, A2) =log(c;) + plog(c}), where ¢;and ¢} are given by (18)
and (20), for i = 1,2. We will show that

(25)

AL AL if and only if  Uj(A%,AY) > Up(AM, AY)
{A7, A5} =< {AM A"} if and only if  Uy(AY, AY) < Uy(A", A
Al AL if and only if  Up(Al, Al) < Up(A!, AM),
where Us(A', AY < Us(A' A" is a sufficient condition for U (A, A < U (A", A).
Lemma 1. {4}, A5} = {4', A'} if and only if Uy(A', A > U (A", A)).

Proof. It follows from (21)—(23) that {4}, 43} = {4/, 4'} if and only if (i)
Ui (A, A > U(AMAY), (i) Ty(A, AY) > Up(A', A").

Hence, (i) is a necessary condition for {4}, A;} = {A’, A"}, as required. To prove the
converse, use the definition of U;(A;, As) to write (i) and (#) as

} or 158
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respectively. It follows immediately that (¢) implies (), since p > 1/2. Hence, () is both
necessary and sufficient for {A;, A;} = {A!, A}, as required.

Lemma 2. {4}, A3} = {4", A"} if and only if Uy(A', AY < U (A", AY.
Proof. Tt follows from (21)-(28) that {4}, A5} = {4", 4'} if and only if (i)
Un(A", A > DAL A, (i) Ua(A", AY) > Up(A", A").
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Hence, (4) is a necessary condition for {A}, A3} = {A* A'}, as required. Next consider
the converse. Recalling that p > 1/2, from (22) and the fact that, for all A € [AL AM,

A\ Bm+2(1+ m)
W(Z)_iﬁnwr?ﬂ > 1, (28)

it follows that 0Uy(A},A9) /0Ag < 0, for all Ay < A;. This implies that (i) is satisfied for all
values of the parameters. Thus, (i) is both necessary and sufficient for {A], A3} = {A%, A},
as required.

Lemma 3. {4}, A3} = {4', A"} if and only if Us(A', A" > Us(A', AY).

Proof. Tt follows from (21)-(23) that {4}, 45} = {4', 4"} if and only if (i)
U (AL A" > (A" A, (i) Up(AL, A" > Ty(A', AY).

Hence, (ii) is a necessary condition for {4}, A3} = {A!, A"}, as required. To prove the
converse, suppose that Us(A', A > Up(Al AY. Noting that

Bm Ao
A, Ag) = Us(Ay, A 14+ Viog( 22
Ui (A1, 40) = Gl ) + (1415 Y 1o (), (29)
and
h h l l Ah
Us (A", A") = Uy (A', AY) +ﬁlog(ﬁ), (30)
it follows that
l h h h ﬁ Ah h h
U (AL A") > U (A", A") + 1+T— log - > Uy (A", AY), (31)
1

and thus (i) is sufficient for (7), as required.

It follows immediately from the proof of Lemma 1 that Us(AL A" > Up(AL AY is a
sufficient condition for Uy (A", AY) > U;(A, AY, as required. This concludes the proof of
Proposition 4.

Proof of Proposition 5. Simply note that, for any m > 0, x; and x are given by (19). It
follows that lim,, ,gx; = 0, for i = 1,2.

Proof of Proposition 6. Suppose that there is an equilibrium where A; = A and k; > 0, for
all j. It is easy to verify that it must be symmetric since all agents start with the same wealth.
Let Aj= A, ;= ¢, kj= k x;= xand ¢; = ¢ for all j # i. It is not difficult to verify that the
equallty of the marglnal returns to productlon and appropriation implies that

m+1

np, \ npl \* nA _
(725) -0 (i) -5 o =)

This equation determines pj, with np; = 1 — p/, for all j # i. One can then solve for the
unique best responses in the second stage, as a function of p/, A;and A; = A, just as it is done
when n = 1. Using (32) to write A; as a function of p}, one can write U; as a function of p; and
A;= A alone. Hence, 0U;/0A; = (0U;/0p;)(0p;/0A;), where (9p;/04;) < 0, from (32).
Tedious but straightforward manipulation shows that 0U;(4,...,A)/0A; < 0 for all n > 1,
since

mn?

AU(A,...,A)  (n+1
op;

© Royal Economic Society 2005

>gm+mn+mmﬁq)f@}>o (33)



THE ECONOMIC JOURNAL [JuLy 2005]

for all » > 1, where we have used (32) to evaluate ]7; at the efficient technology profile.

To prove the first part of the proposition, simply set A = A" and note that the previous
argument implies that a small deviation from A; = A" is always profitable. To prove the
second part of the proposition, set A = A’ The result follows from the previous argument,
together with the continuity of 0U;/0A; in A;. This concludes the proof.

Proof of Proposition 7. We proceed by contradiction. Using (14) and (15) one can solve for
agent ¢’s unique interior best response in the second stage, as a function of A, Ajand pl(‘j,
where p’ must solve (14). Using (14) again to eliminate A; one can write U; as a function of
Ajand pj; alone, in which case 0U;/04; = (8U/8p”)(6p”/8/1 ). Since 8p,j/8A < 0, from
(14), we are interested in the sign of 3U/8p1] when pl/ = nn/(m + 1), since this is the
unique value of p;; € [1/2,1) that solves (14) when A; = A", for i = 1,2. The Proposition
follows, after tedlous manipulation, from noting that 8U/8p? evaluated atp’/ =n/(n + 1)
is continuous at 7 = 1, with

oLy(4', ..., AY) - ~
o AT 4( m )[1 (1+B)(1 = p)] >0, (34)

where péJ has been evaluated at 1/2. The inequality then follows from the fact that
1-p < 1/2.
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