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Appendix

This appendix contains formal statements of our definitions and results. It concludes with
the proofs of the theorems and the corollary.

To Section 3

Definition 1. Let the set of states of nature be S, which we assume to be finite. Denote
the set of events (i.e., subsets of S) by P(S) :¼ {E ˝ S}. A function m : P(S) ! [0, 1] is a
capacity if it satisfies m(/) ¼ 0, m(S) ¼ 1, and for any A, B ˝ S with A ˝ B we have
m(A) £ m(B).

Definition 2. Let m be a capacity and let u : S ! R be a function. Let p :¼ (p1,…, p|S|)
be a permutation of the states of nature such that u(p1) ‡ u(p2) ‡ … ‡ u(p|S|). The Choquet
integral of u with respect to m is

Z C

udm :¼ uðp1Þ � mðfp1gÞ þ
XjSj
k¼2

uðpkÞ � ½mðfp1; . . . ; pkgÞ � mðfp1; . . . ; pk�1gÞ�:

Definition 3. An event E ˝ S is a support of m if m(SnE) ¼ 0 and F � E implies
m(SnF) > 0.1,2

Definition 4. Let for each player i 2 I the capacity m�i : P ðS�iÞ ! ½0; 1� and the
strategy s�i 2 Si be given, where S)i :¼ Pj2In{i}Sj. The profile ðs�i ; m�i Þi2I is an equilibrium in non-
additive beliefs if for each player i there exists an event E�

i that is a support of m�i such that

s��i 2 E�
i �

Y
j2Infig

Rjðm�j Þ;

1 There are several competing notions of a support of a capacity. The way the support of a capacity is
defined may influence the set of equilibria of the game. For a discussion we refer to Haller (2000).

2 It should be noted that the support of a capacity may fail to be unique. For examples see Dow and
Werlang (1994).
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where

Rjðm�j Þ :¼ arg max
sj2Sj

Z C

ujðsj ; �Þdm�j ;

is the set of best responses of player j for given belief m�j .

Definition 5. A capacity m : P(S) ! [0, 1] is a pure belief with centre s� 2 S if {s�} is the
unique support of m. If S is finite, the support of m equals the set of points that have positive
mass.

Definition 6. Let ðs�i ; m�i Þi2I be an equilibrium such that for each player i 2 I the
capacity m�i is a pure belief with centre s��i. Then ðs�i ; m�i Þi2I is an equilibrium in pure beliefs.

Example 1. In general, an equilibrium in pure beliefs may fail to exist, as in the
‘matching pennies’ game:

L R

U (1,0) (0,1)
D (0,1) (1,0)

For contradiction, suppose that player 1 plays U in an equilibrium in pure beliefs. Then
the equilibrium belief of player 2 has its centre at U. It follows that m2({U}) > 0 and m2({D}) ¼ 0.
The Choquet expected payoff of player 2 when he chooses L is m2({D}) + 0 Æ [1 ) m2({D})] ¼
0. For R it equals m2({U}) + 0 Æ [1 ) m2({U})] > 0, and so the unique best response of player 2
is R. This implies that, in this equilibrium, the belief of player 1 is pure with centre R. For
such belief his unique best response is D and player 1 fails to play U. By a similar argument it
follows that in equilibrium player 1 does not play D either and therefore no equilibrium in
pure beliefs exists.

To Section 4

Let r be a positive integer and denote D :¼ 1
r . Let [x, �x]D denote the set of all rational

numbers between x and �x, which are integer multiples of D. We denote (x, �x)D, [x, �x)D and
(x, �x]D accordingly.

Let each agent k 2 N :¼ {1,…, n} choose an effort level from the set Sk :¼ [0, 2]D. The
production of the partnership for the effort levels s :¼ (s1,…, sn) 2 S :¼

Q
k2NSk is given by

uðsÞ :¼
X
k2N

sk :

A sharing rule is a profile (gk)k2N of functions that assign each agent a (possibly negative)
share of the production of the partnership, such that the budget balance condition holds, i.e.,
for each u 2 [0, 2n]D we have

P
k2Ngk(u) ¼ u.

In the absence of ambiguity, the utility level obtained by agent k for a given profile of
effort levels s :¼ (s1,…, sn) equals gk(u(s)) ) c(sk). When he has a non-additive belief mk, his
decision problem becomes:

max
sk2Sk

Z C

gk uðsk ; s�kÞð Þdmk � cðskÞ:
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We denote [t, !)D :¼ [t, 2(n ) 1)]D. For notational convenience, we introduce the capacityemk : Pð½0; !ÞDÞ ! ½0; 1�, which denotes the mass mk assigns to the event that the total effort
of the agents other than k is in some set E. So for each E ˝ [0, !)D we have

~mkðEÞ :¼ mkðfs�k 2 S�k j
X

j2N nfkg
sj 2 EgÞ:

Assumption 4. For c and D we have that

D
n
< cð1Þ � cð1 � DÞ:

Assumption 4 states that D is ‘sufficiently small’ to allow for a ‘sufficiently close’ approxi-
mation of the effort levels in the continuous case.3

To Section 6

For proofs, see the subsequent section of this Appendix.

Theorem 5.4 In the game induced by the entrepreneurial sharing rule, there exists an
equilibrium in pure beliefs ððs�k Þk2N ; ðm�kÞk2N Þ, with

(i) W~m�1
ð½~s�1; !ÞDÞ < 1 � 1=D � ½cð1Þ � cð1 � DÞ�, where ~s�1 :¼

Pn
j¼2

sj and

(ii) Wm�j
ðf0�jgÞ > cð1Þ=ðG þ 1Þ for each j 2 J , where 0)j denotes each partner other

than j choosing effort level 0.

Moreover, in every equilibrium in pure beliefs with (i) and (ii), all partners provide the
efficient levels of effort.

Theorem 6. Let the belief m1 of agent 1 be pure such that if s)1 2 S)1 is the centre of m1

then W~m1ð½~s�1; !ÞDÞ ¼ 0. Let the belief mj of each j 2 J be restricted to be pure with
Wmjðf0�jgÞ > cð1Þ=ðG þ 1Þ. Then every equilibrium is ex-ante efficient.

Proofs To Section 6

Lemma 7. Let j 2 J and let mj represent the pure belief of agent j. Let mj be such that for
the ambiguity level of {0)j} we have Wmjðf0�jgÞ > cð1Þ=ðG þ 1Þ. Then the (unique) best
response of agent j is s�j ¼ 1.

Proof of Lemma 7

(i) sj ¼ 1.

For sj ¼ 1, we have for the Choquet expected utility of agent j thatZ C

fjðuð1�j ; sjÞÞdmj � cðsjÞ ¼ 1 � cð1Þ;

where 1)j denotes each partner other than j choosing effort level 1.

3 In particular, this assumption is satisfied whenever c 0ð1 � 1=DÞ � D=n.
4 In a stronger but less accessible formulation, the theorem generalises to continuous strategy spaces

by letting D ! 0, without imposing W~m�1
ð½~s1; !ÞÞ ¼ 0.
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(ii) sj < 1.

For given sj < 1, and G ‡ 0 we can make the Choquet expected utility of agent jZ C

fjðuð1�j ; sjÞÞdmj � cðsjÞ

smaller than 1 ) c(1) by choosing Wmj({0)j}) sufficiently large (but, of course, less than 1). To
see this, note that Wmj({0)j}) ¼ 1 ) mj({0)j}) ) mj(S)jn{0)j}). By definition, m)j is a pure belief,
so if its centre is s)j „ 0)j, we have mj({0)j}) ¼ 0 and mj(S)jn{0)j}) ¼ 1 ) Wmj({0)j}). Note that:Z C

fjðuð1�j ; sjÞÞdmj � cðsjÞ � ½1 �Wmj ðf0�jgÞ� � 1 þ ½Wmj ðf0�jgÞ� � ð�GÞ � 0:

By choosing Wmj ðf0�jgÞ > cð1Þ=ðG þ 1Þ, the expected utility of agent j becomes less than
1 ) c(1). If mj is pure with centre s)j ¼ 0)j, then mj(S)jn{0)j}) ¼ 0. It follows that the weight of
the outcome )G in the Choquet integral is Wmj({0)j}) ¼ 1 ) mj(S)jn{0)j}) ¼ 1, and the Cho-
quet expected utility of agent j is less than 1 ) c(1).

(iii) sj > 1.

The Choquet expected utility of agent j for sj ¼ 1 + t Æ D > 1 for any integer t > 0 equals,
by a similar argument,Z C

fjðuð1�j ; 1 þ t � DÞÞdmj � cð1 þ t � DÞ ¼ 1 � cð1 þ t � DÞ < 1 � cð1Þ:

Therefore, sj ¼ 1 is the unique best response of agent j.

Lemma 8. Let the capacity m1 represent the belief of agent 1. Let m1 be pure with centre
1)1, where 1)1 denotes each partner other than 1 choosing effort level 1. Let the ambiguity
level W~m1 ½n � 1; !ÞD

� �
< 1 � 1=D � ½cð1Þ � cð1 � DÞ�. Then the (unique) best response of

agent 1 is s�1 ¼ 1.

Proof of Lemma 8. Since m1 is a pure belief at 1)1 by assumption, we have that for each
A 2 P(S)1) with 1)1 j2 A that m1(A) ¼ 0. In particular, m1(S)1n{1)1}) ¼ 0.

Since W~m1 ½n � 1; !ÞD
� �

:¼ 1 � ~m1 ½n � 1; !ÞD
� �

� ~m1 ½0; n � 1ÞD
� �

is assumed to be less
than 1 � 1=D � cð1Þ � cð1 � DÞ½ �, we have ~m1 ½n � 1; !ÞD

� �
> 1=D � cð1Þ � cð1 � DÞ½ �.

(i) s1 < 1.

The difference in the Choquet expected utility of agent 1 for choosing the effort level of 1
instead of s1 < 1 is at least

~m1 ½n � 1;!ÞD
� �

� cð1Þ � ~m1 ½n � 1;!ÞD
� �

� s1 þ cðs1Þ

>
1

D
� cð1Þ � cð1 � DÞ½ � � ð1 � s1Þ � cð1Þ þ cðs1Þ

� 1

D
� cð1Þ � cð1 � DÞ½ � � 1 � ð1 � DÞ½ � � cð1Þ þ cð1 � DÞ ¼ 0

by using c¢(1) ¼ 1, the strict convexity of c and the structure of the sharing rule. So s1 < 1 is
not a best response.

(ii) s1 > 1.
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For this case, we have by c¢(1) ¼ 1, the strict convexity of c and by the structure of the
sharing rule, that the difference in Choquet expected utility for choosing the effort level of
s1 ¼ 1 + D instead of 1 is at most

1 þ D� cð1 þ DÞ � 1 þ cð1Þ ¼ Dþ cð1Þ � cð1 þ DÞ < 0;

since we have c(1 + D) ) c(1) > D.
Therefore, we have that for W~m1 ½n � 1; !ÞD

� �
< 1 � 1=D � cð1Þ � cð1 þ DÞ½ � the un-

ique best response of agent 1 is s1 ¼ 1.

Proof of Theorem 5. For each j 2 J let m�j be a pure belief such that the ambiguity level
Wm�j

ðf0�jgÞ > cð1Þ=ðG þ 1Þ. Then s�j ¼ 1 is the (unique) best response. By Lemma 7, such
m�j exists.

For every pure belief m�1 with centre 1)1 some s�1 exists that maximisesZ C

f1 uð1�1; s1Þð Þdm1 � cðs1Þ:

The combination ððs�k Þk2N ; ðm�kÞk2N Þ is an equilibrium in the game induced by the sharing
rule.

Let ðs�k ; m�kÞ be such an equilibrium.
Since Wm�j

ðf0�jgÞ > cð1Þ=ðG þ 1Þ, it follows from Lemma 8 that for each j 2 J we have
s�j ¼ 1. Since ðs�k ; m�kÞ is an equilibrium, m�1 is a pure belief at 1)1. By assumption of the
theorem, W~m�1

½~s�1; !ÞD
� �

< 1 � 1=D � ½cð1Þ � cð1 � DÞ�, so it follows from Lemma 8, that
s�1 ¼ 1. This completes the proof.

Proof of Theorem 6. According to Theorem 5 we have in equilibrium for each k 2 N that
s�k ¼ 1. So it remains to show that the Choquet expected utility for each agent k 2 N equals
1 ) c(1).

For agent 1, we haveZ C

f1 uðs�1; 1Þð Þdm1 � cð1Þ ¼ 1 � ~m�1 ½~s��1;!ÞDÞ
� �

� m�1ð;Þ
� �

� cð1Þ ¼ 1 � cð1Þ:

For any agent j 2 J we haveZ C

fjðuðs�j ; 1ÞÞdmj � cð1Þ ¼ 1 � ½m�j ðS�jÞ � m�j ð;Þ� � cð1Þ ¼ 1 � cð1Þ;

which proves the theorem.

Proof of Corollary 3. Suppose that for each k 2 N we have ~m�k ¼ ~m�. For the equilibrium to be
ex-post efficient, the assumption of Theorem 5 requires with respect to agent 1 that
W~m� ½~s�1; !ÞD

� �
< 1 � 1=D � ½cð1Þ � cð1 � DÞ�. Since the belief is pure with centre 1)k, this

is equivalent to ~m� ½n � 1; !ÞD
� �

> 1=D � ½cð1Þ � cð1 � DÞ�. For the agents in J, we must
have Wm� ðf0�kgÞ > cð1Þ=ðG þ 1Þ. Since the beliefs are pure with centre 1)k, this holds
whenever ~m� ð0; !ÞD

� �
< 1 � cð1Þ=ðG þ 1Þ.

Denote a1 :¼ ~m fn � 1gð Þ and a2 :¼ ~m ½n � 1; !ÞD
� �

. Let ~m ð0; !ÞD
� �

¼ a2 <
1 � cð1Þ=ðG þ 1Þ and a2 > 1=D � ½cð1Þ � cð1 � DÞ�. Definition 1 requires that
a1 ¼ ~m n � 1Þð < ~m ð0; !ÞD

� �
¼ a2. For G sufficiently large, such a1 and a2 exist.
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The pure belief

~mðEÞ :¼
0 if n � 1 j2E
a1 if n � 1 2 E 	= ½n � 1;!ÞD
a2 if S 6¼ E 	 ½n � 1;!ÞD
1 if E ¼ S

8><
>:

satisfies both conditions of Theorem 5 and is convex since

~mð½n � 1;!ÞDÞ þ ~mðð0;!ÞDÞ � ~mðSÞ þ ~mðfn � 1gÞ:

[ J U L Y 2 0 0 4 ]T H E E C O N O M I C J O U R N A L
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